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SOBOLEV ALGEBRAS THROUGH HEAT KERNEL ESTIMATES 


FREDERIC BERNICOT, THIERRY COULHON, AND DOROTHEE EREY 


Abstract. On a doubling metric measure space (M, d, /i) endowed with a “carre 
du champ”, let £ be the associated Markov generator and £a(M, £, fi) the corre¬ 
sponding homogeneous Sobolev space of order 0<a< linL^’,l<P< +oo, with 
norm ||£“/^/||^. We give sufficient conditions on the heat semigroup 

for the spaces L^(M,£, fl to be algebras for the pointwise product. 

Two approaches are developed, one using paraproducts (relying on extrapola¬ 
tion to prove their boundedness) and a second one through geometrical square 
functionals (relying on sharp estimates involving oscillations). A chain rule and 
a paralinearisation result are also given. In comparison with previous results 
(1291 [n]), the main improvements consist in the fact that we neither require 
any Poincare inequalities nor L^-boundedness of Riesz transforms, but only L^- 
boundedness of the gradient of the semigroup. As a consequence, in the range 
p € (1,2], the Sobolev algebra property is shown under Gaussian upper estimates 
of the heat kernel only. 
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1. Introduction 

It is well-known that in the Euclidean space M” (endowed with its canonical 
non-negative Laplace operator A), the Bessel-type Sobolev space 

= {fe LP- e L^} , 

is an algebra for the pointwise product for all 1 < p < -|-oo and a > 0 such that 
ap > n. This result is due to Strichartz in |63] , where the Sobolev norm was shown 
to be equivalent to the L^-norm of a suitable quadratic functional. 

Twenty years after Strichartz’s work, Kato and Ponce [50] gave a stronger result, 
still in the Euclidean space. They proved that for all p G (1, -1-cxd) and a > 0, 
n is an algebra for the pointwise product. Later on Gulisashvili 

and Kon [35] considered the homogeneous Sobolev spaces and proved the 

even stronger result that under the same conditions, L^(R”) nL°°(R") is an algebra 
for the pointwise product. These results come with the associated Leibniz rules. 

One way to obtain these properties and more general Leibniz rules in the Eu¬ 
clidean setting is to use paraproducts (introduced by Bony in [20] and later used 
by Coifman and Meyer [26l[55], see also [66]) and the boundedness of these bilinear 
operators on L°°(R”) x (R"'). This powerful tool allows one to split the pointwise 
product into two terms, the regularity of which can be easily computed from the 
regularity of the two factors in the product. Moreover, paraproducts also yield a 
paralinearisation formula, which allows one to linearise a nonlinearity in Sobolev 
spaces. 

The main motivation of the inequalities deriving from such Leibniz rules and 
algebra properties comes from the study of nonlinear PDEs. In particular, to 
obtain well-posedness results in Sobolev spaces for some semi-linear PDEs, one has 
to understand how the nonlinearity acts on Sobolev spaces. This topic, the action 
of a nonlinearity on Sobolev spaces (and more generally on Besov spaces), has given 
rise to numerous works in the Euclidean setting where the authors attempt to obtain 
the minimal regularity on a nonlinearity F such that the following property holds 

/ G B^’P F{f) G 

where B°‘’P can be Sobolev or Besov spaces (see for example [59], [57] or M). 

It is natural to look for an extension of these results beyond Euclidean geometry, 
as was pioneered in [19]. In izni. Coulhon, Russ and Tardivel-Nachef extended the 
Strichartz approach, in the case 0 < a < 1, to the case of Lie groups with polyno¬ 
mial volume growth and Riemannian manifolds with non-negative Ricci curvature. 
The proof works as soon as one has the volume doubling property as well as a 
pointwise Gaussian upper bound for the gradient of the heat kernel. More recently, 
on a doubling Riemannian manifold equipped with an operator satisfying suitable 
heat kernel bounds, Badr, Bernicot and Russ [TI] have shown similar results under 
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Poincare inequalities and boundedness of the Riesz transform, but without assum¬ 
ing pointwise bounds on the gradient of the heat kernel (note that the latter imply 
the boundedness of the Riesz transform, see m)- See also Cl for further develop¬ 
ments and IH] , with a quite different approach, for the case of Besov spaces on Lie 
groups with polynomial volume growth. 

Our aim in the present work is to improve these results while working in the 
general setting of a Dirichlet metric measure space. Our standing assumptions will 
be the volume doubling property and a Gaussian upper estimate for the heat kernel. 
We show in particular that the algebra property always holds for 1 < p < -|-cx3 
(which is reminiscent of the results in [28] and |1]) under L'^-bounds on the gradient 
of the heat semigroup for some q G (p,-|-oo], which is much weaker than what is 
assumed in [221 E] (mainly boundedness of Riesz transform and some Poincare 
inequalities). The precise results are stated in Theorems 11.51 and II.91 below. 

1.1. The Dirichlet form setting. Let M be a locally compact separable metris- 
able space, equipped with a Borel measure /i, hnite on compact sets and strictly 
positive on any non-empty open set. For G a measurable subset of M, we shall 
denote p (G) by |f2|. 

Let £ be a non-negative self-adjoint operator on L^(M, p) with dense domain 
V C Denote by £ the associated quadratic form, that is 

^if,9)= f 

J M 

and by its domain, which contains T>. If is a Dirichlet form (see [iQ] for a 
dehnition), it follows (see [iQl Theorem 1.4.2]) that the space L°°(M, p) fl is an 
algebra and 

(1.1) ^/£{fgjg) < \\f\\oo^/£{^) + ^/WJ)\\9\U yf,9 e L°°(M,p) n.F. 

The operator C generates a strongly continuous semigroup of self- 

adjoint contractions on In addition (e“*'^)t>o is submarkovian, that is 

0 < e~^^f <lifO</<l. It follows that the semigroup is uniformly 

bounded on LP{M,g,) for p G [l,-|-oo] and strongly continuous for p G [l,-|-cx)). 
Also, (e“*'^)t>o is bounded analytic on L^(M, p) for 1 < p < -|-oo (see [62]), which 
means that (tCe~^^)t>o is bounded on uniformly in f > 0. 

Let Cq{M) denote the space of continuous functions on M which vanish at inhnity. 
For 1 < p < -1-cxD and a > 0, dehne L^{M, C, p) as the completion of 

for the norm ||/||p,a := ||£"/^/||^. The space C, fx) may not be a Banach 

space of functions, but L^{M, C, iJ?jr\L°°{M, p), equipped with the norm ||£"/^/||^+ 
ll/IL> obviously is. 

Definition 1.1. For a > 0 and p G (1, -|-oo) we say that property A{a,p) holds if: 

• the space L^{M, C, p) fl p) is an algebra for the pointwise product; 

• and the Leibniz rule inequality is valid: 

\\f9\\p,. < ||/IU«||l?||oc + ||/||oo||^7lUa, V/,p G L^(M,£,p) nL°°(M,p). 
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One could also consider local versions of A{a,p) as in [29] and [TT]; we leave this 
to the reader. 

In the present paper we restrict ourselves to the range a G (0,1). We shall see 
below that the case a = 1 is very much connected to the Riesz transform problem 
(see izg, i and references therein). 

Note that, as in the Riesz transform problem, the case p = 2 is trivial. Indeed, 
([HD and the identity S{f,f) = ||/1^/V||2 for / G obviously imply A{1,2). Now, 
since Sa{f, g) = g dfi is also a Dirichlet form for 0 < a < 1, it follows that 

for the same reason A{a, 2) holds for 0 < a < 1. 

Assume from now on that the Dirichlet form S is strongly local and regular (see 
[inilin] for precise dehnitions). There exists an energy measure dT, that is a signed 
measure depending in a bilinear way on /, p G such that 

(1.2) S{f,g)= [ dT{f,g) 

Jm 

for all f,g G J-. According to Beurling-Deny and Le Jan formula, the energy 
measure encodes a kind of Leibniz rule, which is (see jlHl Section 3.2]) 

(1.3) dT{fg, h) = fdV{g, h) + pdr(/, h), V/, p, h G n 

One can dehne a pseudo-distance d associated with 8 by 

(1.4) d{x, y) := sup{/(x) - /(y); / G O Co(M) s.t. dV{f\ /) < dy}. 

Throughout the whole paper, we assume that the pseudo-distance d separates 
points, is hnite everywhere, continuous and dehnes the initial topology of M, and 
that {M,d) is complete (see [64] and |46l Section 2.2.3] for details). 

When we are in the above situation, we shall say that {M,d, fi,8) is a metric 
measure (strongly local and regular) Dirichlet space. This is slightly abusive, in 
the sense that in the above presentation d follows from 8. 

For all X G M and all r > 0, denote by B{x,r) the open ball for the metric d 
with centre x and radius r, and by V{x,r) its measure |i?(x,r)|. For a ball B of 
radius r and a real A > 0, denote by XB the ball concentric with B and with radius 
Ar. We shall sometimes denote by r{B) the radius of a ball B. We will use u < v 
to say that there exists a constant C (independent of the important parameters) 
such that u < Cv, and m ~ n to say that u <v and v < u. Moreover, for D C M a 
subset of hnite and non-vanishing measure and / G y), f dy = ^ f dy 

denotes the average of / on D. 

We shall assume that (M, d, y) satishes the volume doubling property, that is 
{VD) V{x,2r) <V{x,r), \/x ^ M, r > 0. 

As a consequence, there exists z/ > 0 such that 

(VD^) V{x,r) < V{x,s), Vr>s>0, xgM, 

which implies 

V{x,r)<(^^^^2y^'^ V{y,s), W r > s > 0, x,y e M. 
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Another easy consequence of flf/Pj) is that balls with a non-empty intersection 
and comparable radii have comparable measures. Finally, flVT)j) implies that the 
semigroup (e“*'^)t>o has the conservation property (see |13l[M]), which means that 

(1.5) = 1, Vt > 0. 

Indeed, in a rather subtle way, the above assumptions exclude the case of a non¬ 
empty boundary with Dirichlet boundary conditions, see the comments in [HI pp. 
13-14]. 

We shall say that {M,d, fi,£) is a doubling metric measure Dirichlet space if it 
is a metric measure space endowed with a strongly local and regular Dirichlet form 
and satisfying fll/Pp . 


1.2. Heat kernel and regnlarity estimates. As in [29] and [n], a major role in 
our assumptions will be played by heat kernel estimates. 

The semigroup Biay or may not have a kernel, that is for all f > 0 a 

measurable function pt : M x M ^ R_|_ such that 




Pt(^,v)!(v)'lM), a.e.xeM. 


J M 

If it does, pt is called the heat kernel associated with C (or rather with (M, d, p,S)). 
Then pt{x, y) is non-negative and symmetric in x, y, since is positivity preserv¬ 
ing and self-adjoint for all t > 0. One may naturally ask for upper estimates of pt 
(see for instance the recent article [22] and the many relevant references therein). 
A typical upper estimate is 


{DUE) 


Pt{x,y) < 


1 

^Jv{x,Vi)V{y,Vi) 


V t > 0, a.e. x,y ^ M. 


This estimate is called on-diagonal because if pt happens to be continuous then 
l\DUE\ can be rewritten as 


(1.6) Vt{x,x)<— - Vt>0, VxeM. 

V{x, Vt) 

Under flUDI) . (\DUEh self-improves into a Gaussian upper estimate (see [HI The¬ 
orem 1.1] for the Riemannian case, [SU] Section 4.2] for a metric measure space 
setting): 


{UE) pt{x, y) < exp > V t > 0, a.e. x,y e M. 

To formulate some other assumptions, we will need a notion of pointwise length 
of the gradient. The Dirichlet form S admits a “carre du champ” (see for instance 
[46] and the references therein) if for all f,g & E the energy measure dr{f,g) is 
absolutely continuous with respect to p. Then the density T(/, ^f) G L^{M,p) of 
dT{f,g) is called the “carre du champ” and satishes the following inequality 

(1.7) \T{f,g)\^<T{fJ)T{g,g). 


In the sequel, when we assume that {M,d, p,S) admits a “carre du champ”, we 
shall abusively denote [T(/,/)]^'^^ by |V/|. This has the advantage to stick to the 
more intuitive and classical Riemannian notation, but one should not forget that 
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one works in a much more general setting (see for instance [16] for examples), and 
that one never uses differential calculus in the classical sense. 

We will also use estimates on the gradient (or “carre du champ”) of the semigroup, 
which were introduced in [3]: for p G [1, +oo], consider 

(Gp) sup ||\/f|Ve"*'^|||p^p < +CX), 

t>o 


which is equivalent to the interpolation inequality 

(1-8) ll|V/|||J<||£/||p||/||p, V/GP 

(see m Proposition 3.6]). Note that (Gp) always holds for 1 < p < 2. For more 
about (Gp), we refer to |1], to the introduction of |T3], and to the references therein. 
This notion was introduced in |3] to understand the stronger notion of boundedness 
of the Riesz transform (we refer the reader to |3] for more details about 

these two notions and how they are related and to [IB] for recent results in this 
area). Given p G (1, +cxo), one says the Riesz transform is bounded on L^(M, p) if 

(.Rv) lliv/|||p< lic'/yiu v/€i>, 

and that the reverse Riesz transform is bounded on LP{M,fi) if 

(flfl,) IT'''Vllp< IIIV/IIU VfeP. 

If both estimates hold true, then 

(.E,) |||V/|||,~||£‘/y||„ V/eB. 


It is then clear, using fll.3p and fll.7p . that (Ep) implies A{l,p). One of the main 
objectives of this work is to prove A{a^p) for 0 < a < 1 without assuming [Ep] or 


We can now formulate the version of the scale-invariant Poincare inequalities, 
which may or may not be true, depending on p G [1,-|-cxd). More precisely, for 
p G [1, +C)o), one says that (Pp) holds if 


(Pp) 



^feT, 


where B ranges over balls in M of radius r. Recall that (Pp) is weaker and weaker 
as p increases, that is (Pp) implies (Pg) for p < g < -|-cxd. Also, under flVPp . (P 2 ) is 
equivalent to the Gaussian lower bound matching fIPPj) . see [T3| and the references 
therein. For more about (Pp), we refer to |3Z| and to the introduction of 


1.3. Main results. The original approach by Strichartz to the Sobolev algebra 
property in [BH], and later also used in mm, relies on the functional 

1/2 


Saf{x) = 


<•+00 


1/ - f{x)\dfx 


J B{x,r) 


dr 


which measures the regularity of the function / by averaging its oscillations at all 
scales (see Section [B] for more details). If one proves 

E(c,,p) l|S„/||,^||£“-'yiU v/eJF, 

then it is easy to see that A{a,p) follows. 
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In the present paper, we shall rather rely on the paraproduct approach, using 
a notion of paraproduct associated with the underlying operator £ and the corre¬ 
sponding semigroup that was recently introduced in [13], [2Z], [15] • This requires 
slightly weaker assumptions. On the other hand, Strichartz’s approach yields a 
stronger chain rule (requiring less regularity on the nonlinearity). This is why we 
shall also study property E{a,p) in Section W7I\ Note also that E{a,p) may be 
considered as a fractional version of {Ep). 

Let us now recall some tools that have been studied in [T3] (and previously, see 
references therein), namely an inhomogeneous version of the De Giorgi property, 
as well as some Holder regularity estimates for the heat semigroup. 


Definition 1.2 (L^ De Giorgi property). For k e (0,1), we say that {DG 2 ,k) holds 
if the following is satisfied: for all r < R, every pair of concentric balls Br with 
respective radii r and R, and for every function f eV, one has 







We sometimes omit the parameter n, and write {DG 2 ) if {DG 2 ,k) is satisfied for 
some K G (0,1). 


For more details and background, see 
implied by the Poincare inequality (£ 2 )- 


We just point out that {DG 2 ) is 


Definition 1.3. Forp, q G [1, -|-cxd] and p G (0,1], we shall say that property [Hp^q) 
holds if for every 0 < r < \/t, every pair of concentric balls Br, B^ with respective 
radii r and y/t, and every function f G LP^M^p), 

(H^ ) 

: P,q: 

n 


g-OscB^(e ^^f) : = 


Br 


.-tc 


f- 


Br 


Q \ 1/9 

G^^f dp dp] < 


r 

Vt 


\B 


Vt\ 


|-i/p 


P) 


with the obvious modi ficatio n for p = 00 . 

We shall say that (H^g) is satisfied if, for some ( 7 ^) exponentially decreasing 
coefficients and for all 0 < r < y/i, every ball B^ of radius, and every function 

f 6 LUM,lV, 



<,-OscB,(e-“/) < 




Then the following holds. 


Proposition 1.4. Let (M, d, p, S) be a metric measure Dirichlet space with a “carre 
du champ" satisfying flldDll and l\DUE\} . We have 


• The lower Gaussian estimates for the heat kernel {LE) are equivalent to the 
existence of some p G (1, -|-oo) and some p > 0 such that (hfp^p) holds; 

• (Hflp) implies and for every A G [ 0 , 7 ); 
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• Moreover, for every A G (0,1] the property ^ri<\i^p,p) independent on 
p G [1, +C)o] and will be called 

u u («■.%)■ 

pS[l,+°o]^<^ ??<A pE[l,+oo] 

We refer to m Theorem 3.4] for the hrst part and to Appendix El for the last 
two statements. 

We can now state onr main resnlts. 


Theorem 1.5. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying (\VDu\ j and dPUEl) . Then 

(a) A{a,p) holds for every p G (1, 2] and a G (0,1), and for every p G (2, +oo) 

and a E (^0,1 - z/ j; 

(b) Under (Gp^) for some po G (2, +oo), A{a,p) holds for every p G (l,po] and 

a G (0,1), and for every p G {po, +cxo) and a E ^0,1 — z/ j ; 

(c) Under (Gpo) and (Z1G'2,k) for some 2 < pq < +cxo and n G (0,1), A[a,p) 
holds for every p G (l,Po] and a E (0,1), and for every p > Pq and a E 

(d) Under (H^) for some rj G (0,1], A{a,p) holds for every a G {0,r]) and 
p E (1,+cx)). 

Since (G 2 ) always holds, (a) is nothing bnt (b) in the case po = 2. Statement (a) 
is proven in Theorem 16.21 (for p < 2) and in Theorem 17.11 ffor p > 2), statement (b) 
in Theorem 14. 3h for p < po) and Theorem 17. 2h for p > pq), statement (c) in Theorem 
18.21 and statement (d) in Theorem 19.21 Statement (d) had been annonnced in [23 
p.333]. 

Remark 1.6. An alternative method of proof for Theorem W .5\ (a) - (b) is the fol¬ 
lowing: Instead of using extrapolation methods on Lebesgue spaces (see [18], i.ini; 
as we do here, it is also possible to use extrapolation methods on tent spaces. This 
amounts to considering the boundedness of singular integral operators of the form 

r:TP-2(M,/i)^T^’’2(M,/i), TF{t,.)= / K^{t, s)F{s, 

Jo s 

with an operator-valued kernel Ka(t, s) as defined in fl3.3p . We refer to [7] and [39] 
and the references therein for results of this kind. Combining this with the fact that, 
under l\DUFh . the Hardy spaces associated with C are egual to LP{M,p,), 

forp E (1, + 00 ) (cf. [H] for Riemannian manifolds; the proof extends to our setting, 
see for instance m). one obtains the desired results. 


Example 1.7. Let n> 2. Consider M := the connected sum of two copies 

of ML, that is the manifold consisting of two copies ofML\B{0, 1) with the Euclidean 
metric, glued smoothly along the unit spheres. Then it is known that HDUE^ is sat¬ 
isfied and the Riesz transform is bounded on L^ for every p E (l,n) (and unbounded 
for p > n), see [23] ■ R follows from Theorem \l.b\ that A[a,p) holds for p E (l,n) 
with a E (0,1) and forp > n with a E (0, ^). 
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Example 1.8. Let {M,d,^) be a doubling Riemannian manifold supporting the 
Poincare ineguality {P 2 ), and C = A its non-negative Laplace Beltrami operator. 
R is well-known that holds (see for instance [SB] Then one knows from |3] 

that (P 2 ) yields {Rp) hence {Gp) for every p E ( 2 , 2 + e) for some e > 0, and from 
[2] that (P 2 ) yields (PG 2 ,k) for some k E (0,1). So we conclude that A{a,p) holds 

for p E (1, 2] with a E (0,1) and for p > 2 with a E rj^, for some p > 0. 

We now state our results concerning the characterization of the Sobolev space 
LP in terms of a quadratic functional. 

Theorem 1.9. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ’’ satisfying dldP^D . Then 

(e) Under l\DUE\i and{H’^), E{a,p) holds for every p E (1,+ 00 ) and a E (0,p); 

(f) Under the combination (Gp^), (Ppo) for some po > 2, E{a,p) holds for every 
p E (2,po) and a E (0,1). 

Statement (e) is proven in Theorem 19.21 and statement (f) in Theorem 19.31 

In statement (f), one does not need to assume explicitely flPPPD but, according 
to m Proposition 2.1], the combination (Gpo) + (-Ppo) forpo > 2 does imply fIPPPp . 

Note that, similarly to the Riesz transform problem (see m^), the case 1 < 
p < 2 is substantially easier in the above results than the case p > 2 . 

Example 1.10. Let us mention that our results are not bound to self-adjoint set¬ 
ting. Consider M", eguipped with its Euclidean structure, and a second order di¬ 
vergence form operator L = — div(y4V), where A E P(C"')) and for some 

A > 0, 3fJ(2l(a;)) > AJ > 0 for a.e. x E ML. Then L is a sectorial operator on 
L^(M,/i), and —L generates an analytic semigroup on L‘^{M,p,). R is 

known (see m) that the semigroup (e *^)i>o and its gradient satisfy Davies- 
Gaffney estimates. From the solution of the Kato sguare root problem [S], we 
know that the Riesz transform VL~^F is bounded on Lf{M,ii). Let us assume 
that has a (complex-valued) kernel pt which satisfies Gaussian estimates, 

that is, \pt\ satisfies (IPPD (which is for example the case if A has real-valued co¬ 
efficients, see m)- Then there exists = q+{L) E (2, cxo] such that for every 
p E (l,g+), {Gp) and, equivalently, {Rp) holds. See [2]. In dimension n = 1, it is 
known that = 00 . Moreover, for every p E (l,+oo), (RRp) holds. The kernel 
Pt satisfies a Holder regularity estimate (see |lQ]j, so property {Hf holds for some 
p E (0,1]. 

We leave it to the reader to check that, even if the operator L is not self-adjoint, 
our proofs still hold in this situation. We deduce that A{a,p) holds (as well as a 
chain rule property) for every p E (1, q+] and a E (0,1), and for every p > and 
a E (0,1) with 0<a<A+^(l — a) and k = max(l — ^,p)- Moreover if p < q+ 
or a < p, then E{a,p) holds. 

Section uni is devoted to the proof of a chain rule inequality (which enables one 
to control the stability of Sobolev spaces via the composition by a nonlinearity). 
In particular it is proved (see Corollary 19.51 and Theorem llO.lh : 

Theorem 1.11 (Chain rule). Let {M,d, fi,S) be a doubling metric measure Dirich¬ 
let space with a “carre du champ”. 
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• Under the assumptions of {e) and (/) in Theorem \1.9[ we have the optimal 
chain rule: for F a Lipschitz function with F{0) = 0, the map f —)• F{f) is 
hounded in and 

IIW)lks<II^IU*pll/llLs; 

• Under the assumptions of Theorem \1.5\. for F a function with F{0) = 0, 
the map f —)■ F{f) is bounded in L^. 

Similarly, a paralinearisation formula (also called Bony’s formula) is also obtained 
in this setting and we refer the reader to Theorem 110.31 for a precise statement. 


2. Preliminaries, definitions and toolbox 

In this section, {M,d, fi,S) will be a doubling metric measure Dirichlet space 
with a “carre du champ”. 


2.1. Functional calculus. Since £ is a self-adjoint operator on Lf{M, /i), it admits 
a bounded Borel functional calculus on Lf{M, p). Under the additional assumption 
of (|UDi,D and flZmEj) . it is known that C can be extended to an unbounded operator 
acting on LP{M,p), for p G (l,-|-cxo), with a bounded H°° functional calculus on 
LP{M^ p) as shown in [SU Theorem 3.1]. It also admits a bounded Hormander-type 
functional calculus on LP{M,p), see [M] and [33l Theorem 3.1]. We refer to [531 IT] 
and references in [T] for more details on functional calculus. In the sequel, we will 
mostly make use of functional calculus rather than Hormander-type functional 
calculus. 

Moreover, gathering Theorem 3.1, Remark 1 p.451 and (1.8) from [33], one ob¬ 
tains the following estimate on imaginary powers of the operator C (see also [60]). 


Proposition 2.1. Under dUD^D and WUE} . for every p G (1,-|-oo) and s > i//2, 
one has 

< (1 + 

for G M. 


2.2. Operator estimates. The building blocks of our analysis will be the following 
operators derived from the semigroup {e~^^)t>o- 

Definition 2.2. Let N > 9, and set cn = s^e~^ y- t > 0, define 

( 2 . 1 ) := c^^{tC)^e-^^ 

and 

(2.2) Pf) := 0^r(t£), 

with (j)N{x) := s^e~^ X’ 

Remark 2.3. Let p G (1, oo) and N > 0 . 

(i) As a consequence of the bounded functional calculus for C in LP{M,p), the 
operators and are bounded in L^{M^p), uniformly int> 9. 
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(ii) Note that = e and = tCe The two families of operators 
(P/^^)t>o and {Qi^^)t>o related by 

tdtPt^^^ = tCcf’^itC) = -Qf^. 

Since f f as t ^ 0~^ in L^{M,fi) (see the proof of Proposition IKJ1\ 
below), it follows that 

(2.3) P^^^ = Id+ [ Qf)—. 

Jo s 

(iii) One can write P^^ = e~^P‘^, with 

(2.4) Bf > := c^," 

Jt ^ 

By functional calculus, is again a bounded operator in L'P{M,pi), uni¬ 
formly int > f). 

(iv) If N is an integer, then = {—l)^cf^t^d^e~^^, and P/^^ = p{tC)e~^^, 
p being a polynomial of degree N — 1 with p{0) = 1. 


Definition 2.4. Let p,q E [1, cxo] with p < q, and let r > f). A linear operator T 
acting on LP{M,fr) is said to have L^-L'^ off-diagonal bounds of order N > 0 at 
scale r, if there exists Cn > 0 such that for every pair of balls Pi, P 2 of radius r 
and every f G supported in Bi, we have 



\Tf\Ufr 


1/9 


<Cn 



d\Bi,B2) 



Let us recall that we may compose off-diagonal estimates: 


Lemma 2.5. Let p,q,r G [1,cxd] with p < q < r. Let S (resp. T) be two linear 
operators satisfying L^-L"^ (resp. L'^-L^) off-diagonal estimates of order A^i > | 
(resp. N 2 > at scale ^/s (resp. \/t). If s = t, then TS satisfies off- 

diagonal estimates of order N := min(iVi, N 2 ) > 0 at scale y/s = \/t. If p = q = r 
with N > u (and s ^ t), then TS satisfies L^-L^ off-diagonal estimates of order 
N — ^ at scale max(-y/i, \/i). 


Proof. If s = t, consider balls Pi, P 2 of radius y/s and {B^)j a collection of balls of 
radius y/s which covers the whole space and satishes a bounded overlap property. 
Then we have for every f E L^ supported on Pi 


B 2 


-^2 / t2/d 


EL 


< 


< 1 + 


d\B2,B^) 


1 + 


d\B^,Bi) 


d\B2,B^) 


-N 


\fYdpi 


s 

i/p 


\ffd^^ 


Bi 


■S / \JBi 

where we used that N > u/2 to sum over the covering as detailed in 
3.6]. 


Lemma 
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Let US now consider the case p = q = r. Consider the case s > t (the other 
one can be treated similarly). We are hrst going to check that T satishes U’-U’ 
off-diagonal estimates at the largest scale ^/s. Since A ^2 > f, by decomposing the 
whole space with a bounded covering at scale we deduce that T is L^-bounded. 
So the on-diagonal case of the off-diagonal estimates for T directly hold. Then £x 
two balls Bi,B 2 of radius s/s with d{Bi,B 2 ) > y/s and f & supported on Bi. 
Consider {Bl)j (resp. {Bl)j) a bounded covering of B 2 (resp. Bi) with balls of 
radius ^/i. Then for every index j, we have 



|T/P 


\ i/p 

’d/i j 







-N2 




1 /P 


^ / d\B2,B,) 

"" V t 


-N2+U/2 

t 



where we used the doubling property. Then by summing over j, we get 


< 


\B, 


1-1 




\Bi\ 


U ir/rdf, 


i/p 



d\B2,B,) 

t 


-N2+iy/2 


S\ '^/( 2 p) 

c 



Since d{Bi, B 2 ) > ^/s > \/t and N 2 > u we have 



\Tf\^dp 


i/p 


< 

r\j 



d\B2,B,) ^ 


— A ^ 2+^'/2 



which concludes the proof of the fact that T admits L^-L^ off-diagonal estimates 
at the larger scale ^/s. Then we may repeat the hrst statement of the Lemma and 
conclude that T S admits L^-L^ off-diagonal estimates at the scale ^/s. □ 


Lemma 2.6. Assume (\DUE\\ . Let N > 0. For every t > 0, is an integral 
operator with kernel such that for all t > 0, all 6 E [0,1] and a.e. x,y E M, 


(2.5) 


k[^\x,y) 


< 


Vix, ViyViy,Viy-^ 


1 + 


(P{x,y) 


-N 


Consequently, for every p,q E [1,-|-oo] withp < q, satisfies L^-L'^ off-diagonal 
bounds of order N at scale \/t. 

Let TV > |. For every t > 0, Pj:^^ is an integral operator with kernel kf^'^ such that 
for all t > 0, all 9 E [0,1] and a.e. x,y E M, 


k\^\x,y) 


< 


V{x, \/iyV{y, \/i) 


i-e 


1 + 


d^{x,y) 


-N 


Consequently, for every p,q E [1, -|-oo] with p < q, Pt^'^ satisfies PP-L^ off-diagonal 
bounds of order N at scale y/t. 
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Remark 2.7. Let N > ^. The operator introduced in Remark \2.3[ is an 
integral operator as well, with its kernel r[^'^ satisfying (I2.5p . Moreover, for all 
p G [1, +C)o], has LP-L^ off-diagonal bounds of order N. 


Proof. Observe first that by one has for 9 G [0,1] and every x,y E M 

1 <P(x,y) 1 e 

(2 6) -e * ^-e ^ t 

Vix,Vi) ^ Vix,ViyV{y,Viy-^ 

As we already said, if N is an integer, then = {—l)^c]yt^dfe~^^. By 
Corollary 2.7], its kernel admits Gaussian bounds and therefore in particular fl2.5p 
In the general case, consider an integer K > N. Then 




-l+N rK rN-K^-tc 


and by the integral representation ^ = c some constant 

c > 0, one may write 


or = c' 


r'+cxD 




t\^ ds 


Gaussian upper estimates for (tC)^ e and flViPp then yield a bound of the form 
for {{t -\- s)C)^ g-(s+pn scale max(y^, \/t), hence 


k[^\x,y) 


< 


< 


V{x,\/iyv{y,y/iy ® 

1 

V{x, y/iyv{y, y/iy-^ 


S\^ c d?(x:,y) ( t 

e 2 t 


N 


ds 


+ 


'•+00 2, , 
c d (x,y) 

e 2 s 


c d^(x,y) 

e 2 t 


, s / s 

'•* 'S\K-N ds 


+ 


■ + °° , d^(x,y) ft 

e 2 3 


Thus 


k[^\x,y) 


< 


V{x,ViyV{y,^/iy ^ 


c d^(x,y) 

6 2 t + 1 + 


d^{x,y) 


-N 


which concludes the proof of (I2.5p for k[^\ Integrating over the bound in (I2.5p 


(A) 


then gives the second claim for Ql 

In order to obtain the assertions on Pt^\ we use Remark 12.31 (hi), which yields 

and so for every x,y E M 


k[^\x,y) 


< 


< 


\pt/yx,z)\ Ri^'^\pt/yy,-)]{z) dfi{z) 

■ 

\pt/ 4 {x,z)y dp,{z] 


R?^\pt/yyr)]{z) dfi{z] 


1/2 


< V{x, Vt)-Ry\Ri^^h^ 2 V{y, 

where we used fIPPPp to estimate the norm of the heat semigroup. Gonsequently, 
since is bounded in Lf{M,fjL) uniformly in f > 0, we obtain that 

k[^\x,y) 


<V{x,Vt)-R^V{y,Vt)-Ry 
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For the diagonal part, when d{x, y) < \/t, we have by donbling V(x, \/t) ~ V(y, \/t) 
and so the previous estimate implies the desired inequality. 

For the off-diagonl part, when d{x,y) > \/t, we use the representation fl2.3p and 
integrate the previous estimate on (the kernel of Qt^^) in time. This gives 


U^\x,y) 


< 



ki^\x,y)\ 


ds 

s 


< 


/o v{x,^yv{y,^y 


-e 



<P{x,y) 

s 


-N 


ds 

s 


< 


r-t /^X-/2 


V{x,y/iyv{y,y/iy ^ Jo vs 


1 + 


72 .. .^^-N 


d {x,y) 


< 


1 + 


d^{x,y) 


-N 


V{x,ViyV{y,Viy ^ 

where we have used WD} and N > v/‘I. 

The second statement for follows by combining the previous estimate with 
the global boundedness of . 

□ 


Proposition 2.8 (Davies-Gaffney estimates). Let N E N. There exists a constant 
c > 0 such that for all Borel sets E,F G M and every t > 0 

iiviivpy>iii 

\\Qi^^\\L'2{E)^L'^{F) + \\'yi\'VQ[^^\\\L2(^E)^L^{F) ^ ^ ‘ 

If N > V12 is not an integer, then for all balls Bi, B 2 of radius \/f 

\\Vi\VP}^^\\\LHB i)^L 2(S2) + ||\/f|VQl^^|||L2(Bi)^L2(B2) ~ - 

Proof. The hrst estimate is classical for = e~*^ (see for instance [65], except 
for the term with the gradient, which was introduced in [H Section 3.1] in the 
Riemannian setting. For an adaptation to the present setting, see [HI Section 2]). 
The generalisation to P/'^^ and with arbitrary G is a consequence of the 

analyticity of {e~^^)t>o in and the particular form of Pi^\ see Remark 

12.31 Now for the second estimate. Lemma 12.61 yields that P/^^ and satisfy 
off-diagonal estimates of order N. Since y/i'VQf^^ = 
and \/fVe“*'^ satishes If-If off-diagonal estimates of any order, we may compose 
these off-diagonal estimates and Lemma 1231 implies the desired result for 
For VP/^\ we use the representation ^/tW of Remark [231 
together with Remark 12.71 □ 


Lemma 2.9 (Off-diagonal estimates). Assume l\DUE\i . Let N > 1 be an integer 
and consider the operators P^^\ as defined in fl2.ip and fl2.2p . For every 

t > 0, every ball B of radius r and every p G [1, -l-cc], we have 
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if r < y/i with B := the dilated ball, 

\ i/p 






B 


< 


e>o 




2^B 


if r> Vi, 


p}^^f\^+\Qr>f\^dfi 


(N) 


B 


1/p 


< 


Eao(/ i/I’ 

£>0 \J2^B 


d/i 


1/p 


more generally, if r > Vi withpo,pi E [1,+cx)] satisfying pi > po then 


/ lA"’/!’" + \Qfhr dfj 


\ i/pi 


< 

r\j 


Vi 


l>(— - —) 

\PQ 


\frdfj 

e>o \d‘2^B J 


\ i/po 


where 'y{i) are exponentially decreasing coefficients. 

For N > 0 not an integer, p G [1, oo], t > 0 and B a ball of radius Vi, we have 

IIQr’/lli»(B) < if Ifl'df 


£>0 


2<^B 


Proof. For the first part, we use (since B <Z B) 

\ i/p 

lA"’/!” + < iiA^ViIl-cb) + iioAViu-m 

<B / 

f^llA^VlL-m + IAAVlL-iB) 

and then the proof follows from the pointwise Gaussian estimates of the kernel for 
both operators and Q^V\ see [65l Corollary 2.7]). 

For the second part, the ball B may be covered by a collection of balls of radius 
Vi, with a bounded overlap property. Then by using the off-diagonal estimates 
at the scale Vi for operators P/'^^ and Q'V\ we obtain the stated inequality by 
summing over this covering. The third part can be proved by interpolating between 
the second part and the L^-L°° estimates (which corresponds to the case po = 1 
and Pi = cxd) which comes from fIPPPp with doubling. 

The last statement is a consequence of the kernel estimates for shown in 

Lemma 12.61 □ 


2.3. Quadratic functionals. Combining Corollary 1 with Lemma 2 from [M] 
yields the following statement, which does not even require (ll/Pp . 

Proposition 2.10. For every p E (1, -l-C)o), consider a function f E U‘{M, /i) fl P 
solution of Cf = 0 on M. We have 

• if \M\ = -l-cxo then f = 0; 

• if \M\ < -1-cxD then f is constant. 

In other words, if we denote Np{C) := {f E (1 V, Cf = 0}, then Np{C) = {0} 
or Np{C) ~ M and in particular, it does not depend on p and so will be sometimes 
denoted N{C). 

Note that, under flf/Dj) . \M\ < -foo if and only if M is bounded. 
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Proposition 2.11 (Calderon reproducing formula). Let p G (l,+cx3). Let N > 0, 
and consider the operators as defined in fl2.1l) and fl2.2p . Under flVPI) 

and l\DUE\\ . we have the decomposition LP{M,p,) = Rp{C) © Np{C). Moreover, for 
every f e Lp{M, p), 


(2.7) 

( 2 . 8 ) 


limpW/ = / 

t^0+ 

lim Pr’/=P«.(£)/ 

i^+oo 


in L^{M, p), 
in LL{M, p), 


and for every f G Rp{C), 
(2.9) / = 


“+0O 


QUff 


in LF{M, p). 


For every f G R 2 {F), one has 

( 2 . 10 ) 


^+oo 


2 ^ 
2 — 


iiqC/ii 


dt 


Proof. Under flUPp and dPUEh . C has a bounded H°° functional calculus in Lp{M, p) 
according to [Ml Theorem 3.1]. Since this in particular implies sectoriality of C 
in LP{M,p), [32l Theorem 3.8] yields the decomposition of LP{M,p) into nullspace 
and range of C. Using this decomposition, and noting that Pt^^f = f for every 
/ G Np{C) and all t > 0, the Convergence Lemma (see e.g. [U Theorem D] or 
Lemma 9.13]) implies for every / G LP{M,p) 


f = limPt 

i^O 


(V) 


, / = limPr>/ 

t—>-0 


lim PP>f + P„(£,/ 


t^OO 


+ Pk(£)/. 


'0 


where the limit is taken in L'^{M,p). The last equivalence then follows from the 
self-adjointness of and Fubini, as for / G R 2 (P) 

^H-OD 

)W^2. 




{Q\ 


’)Vp/)^ 


□ 


Definition 2.12. For p G (l,+cx3), we define the set of test functions 
SP = SP{M, C) := Vp{C) n Rp{C) 

= {/ G LP, 3g, he LP, f = Cg and h = Cf}, 

and 

^ — Cpg(l,+oo)‘5^. 

For every p G (1, +cx)) and a G (0,1), under dPUE^ the set {Sp + N{C)) C 
is dense into L'f, due to the previous Calderon reproducing formula (see also 
Theorem 15.8]). Indeed, for / G Proposition 12.111 yields that for > 1 > a 


fe-- = 


«U/J + P»(£)/ 
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is convergent to / in and for every e > 0, we easily see that G 5^ + N{C). 


We state some results on square functions that we will need in the following. 

Proposition 2.13. Let N > 0, and consider the operators Qt^'^ os defined 

in (12.ip and (\2.2\i . Assume 

(i) Let p G (1, +oo), and let a > 0. The horizontal square functions, defined by 

h+oo 


and 


9N{f) ■ = 


9N,a{f) — 


QT’f 




t J 


feLP{M,y^), 


r‘+cxD 


^tcypWf 


2 di\ 


feLP{M,fi), 


are bounded on L^(M,/i). 

(a) Let p G (1, 2], The vertical square functions, defined by 

1/2 


( 2 . 11 ) 

and 

( 2 . 12 ) 


Giv/: = 


Ga/: = 


r‘+oo 


^+CXD 




ViVQ^f 


2 dt 
t 


t) 


feLP{M,fi), 


feLP{M,fi), 


are bounded on L^{M,p). 

(Hi) Assume in addition {Gpfi) and (Pp^) for some po G (2,+cx)). Then Gjq is 

bounded on LP{M,p,) for every p G (l,Po]- 

(iv) Let p G (1, +CX)). The conical square function, defined by 

f iQf’nyf 

'r(x) tV{y,Vt)/ 

is bounded on L^^M^p). Here, r(a;) denotes the parabolic cone 
r(a:) := {(//, f) G M x (0, +cx)), d{x, y) < y/t}. 


GNf{x) ; = 


feLP{M,p), 


Proof. For the result on the horizontal square function see isa and references 
therein. The result on with N an integer also follows from |5l]. For arbitrary 
iV > 0, see e.g. [32l Theorem 6.6]. 

The result on vertical square functions in Lf{M, p) is a consequence of integration 
by parts and fl2.10p . For p ^ 2, we refer to [161 Theorem 3.6], where indeed 
the combination (Gp^) and (Ppo) shown to imply the boundedness of the Riesz 
transform in L^ for every p G (l,Po] (which is stronger than the boundedness of 

Gn). 

For results on conical square functions of this kind, we refer to [HI Lemma 5.2, 
Theorem 8.5] for the case p G (1,2]. In the present paper we only use the case 
p G [2, +CX)) which is easier and can be proven as in [6l Section 3.2], that is, 
by using Lemma 14.41 below and interpolating with Lf, where one can reduce the 
problem to the horizontal one. □ 


In fact, the Poincare inequality {Ppfi) is not necessary in (iii) if one allows a loss 
on the Lebesgue exponent. 
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Proposition 2.14. Let N > 0, and consider the operators Qt^'^ o,s defined 

in fl2.ip and (\2.2\i . Assume l\DUE\i and (Gpo) some po G (2, +cxo]. Then for 


every p G ( 2 ,po) (^nd every f G LP{M,ij,), 

\\GNf\\p<\\Gr,f\\,< 

Proof. By writing 


p- 


pAf = 


r'+OO 


ds 


Qf’/- + P».(£)/. 


one obtains 


Vivp}^^f < 

Jt \sj 

Then Hardy’s inequality implies the pointwise inequality 


s 

1/2 


+°o / + \ 

1 |y5VQf)/|* 


( ^+oo 

ViVQff 


2 * j 


which gives the hrst desired estimate. 

Interpolating {Gpfi) with the Lf Davies-Gaffney estimates stated in Proposition 
12.81 yields, for p G (2,pq), that there exists constants such that for every f > 0 and 
every pair of balls Bi, B 2 of radius ^/i, 


|||Ve \\\lp{Bi)^lp{B 2 ) ^ e 




By combining this with l\DUE\} . which self-improves in (\UE\\ . we deduce that 


1--1 
I p e 




ll|Ve \\\l^{Bi)^lp{B 2 ) ^ \Bi\ 

In particular, from [511 Theorem 2.2] we deduce that the family (\/tVe“*'^)i>o is 
i? 2 -bounded in for every p G (2,po)- Since = 2^, and using the 
LP boundedness of the horizontal square function g^, this yields 


/•+00 

/ ViVQi^^f 

Jo 


2 dt 


1/2 


< 


< 

rsj 


< 


f +00 


f+oo 




Qjif 


t/2 

2 dt\''‘‘ 


dt\ 


1/2 


t 


■ 


which concludes the proof. 


□ 


We shall also need the following orthogonality lemma, for instance in the proof 
of Lemma 17.61 

Lemma 2.15. Let N > 0. Consider and Qt ■= {tC)^Pe~^^ so that = 
Qfi Assume l\DUE\} . Then for every p G (l,-|-oo) one has 


10 




< 


^ + 00 


/„ 


1/2 


where Et{x); = E{t,x), E : ( 0 ,-|-cxo) x M —)■ R being a measurable function such 
that the RHS has a meaning and is finite. 
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Proof. Let g G 


Then, by Fubini, Cauchy-Schwarz and Holder, 

~ ~ df 

= I {QtF,,Q,g)j 



where in the last ineqnality we have used the fact that Qt = 
second assertion in Proposition 12.131 



1/2 


P' 


and the 
□ 


We will also need the Fefferman-Stein inequalities for the Hardy-Littlewood max¬ 
imal operator (see [3^ for the discrete version and ^2\ Proposition 4.5.11] for the 
transfer method from discrete to continuous versions): 


Proposition 2.16. Let 1 < p < -|-cxo and 1 <q < min(p, 2). Then the L'^-Hardy- 
Littlewood maximal function satisfies the following discrete F^-valued inequalities 



for {F,),eLP (M,L2[(o,+oo);f]). 


2.4. Carleson duality. For every x G M, denote by F(x) the parabolic cone of 
aperture 1 with vertex x, i.e. 


F(x) := {{y,t) G M X (0,-|-oo) : d{y,x) < Vi}. 


For every measurable function F on M x (0, -foo) and an exponent p G (1, +C)o), 
the L^-Carleson function ^p{F) is dehned by 


^p{F){x) := sup 

BBx 



X G M, 


where the supremum is taken over all balls H in M that contain x. Let us point 
out that the case p = 2 corresponds to the classical maximal function over Carleson 
boxes. For every measurable function F : M x (0, cxd) —)■ C, we denote by N^{F) 
its non-tangential maximal function, which is dehned as 

N^{F){x) := sup \F{y,t)\, x e M. 

{y,t)&V{x) 

We will need the following Carleson duality (see m for the original proof in the 
Euclidean setting and p = 2). 
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Theorem 2.17. Let be a doubling metric measure space. Suppose p G 

[2, +oo). For every e > 0 (with e = 0 if p = 2), there exists a constant C > 0 such 
that for all measurable functions F,G : M x (0, oo) —>■ C, 

/ ^+oo dt\^^‘^ \ i/P 

JmUo j) <^ii^*(^)iUi'^P+^(G')iL- 

The original proof for p ^ 2 was developed in a Banach space valued setting in 
[18| Section 8 ], see also |19]. We give a proof in the scalar-valued setting. 


Proof. We hrst recall the existence of a dyadic system, see [25] : there exists a family 
of points {x^)a£i{k) C M with the property 

M = 2^) (bounded overlap) V/c G Z. 

aE/(/c) 

For every a; G M and fc G Z, we dehne Ak{x) the set of indices a such that 
X G i?(x^,2^). Without loss of generality, assume that N^{F) < -(-cxo almost 
everywhere. Denote for fc G N and almost every x G M 

rfc(x) := sup{t : sup sup sup |F(i/, s)| > 2 ^}, 

£:2^<p/2 yeB{xi,2i) 22^<S<22T+1) 

and set 

Jk{x) = [Tk{x),Tk+l{x)). 

Since for almost every x, Tk{x) tends to 0 for fc —)■ —oo, and Tk{x) tends to -|-oo for 
k —)■ -|-oo, we deduce that 

(0, +oo) = IJ Jfc(x). 

We therefore have for almost every x G M, 



For fixed k E 'Z, define 

Ai:={xEM; 2^^ < Tk{x) < 


Then M = Ut°!oo24z, and 

By dehnition of Ai, it is clear that ii x E Ai then for a E A;(x), B{x^^,2’‘) is 
also included into Ai, which means that Ai can be covered by a union of balls 




' Jk(x) 
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{B{x^^,2^))a(zu for a subset U C /(/), with a finite overlap. We thus have 



22 (*+i) , \ 

|G(a;,t)r ' 


p/2 


t 




dfi{x) < / 




aSG 

<ii*i(G)r„Eis(^«)i 

aeu 

<\KmaM- 


\G{x,t)\‘ 


dt 


p/2 


d/i{x) 


As a consequence, we deduce that 


' Jk(x) 


\G{xM 


i) 


1/2 


1/p 


< 




~ ll'4(G)L l{^ •= V : ri(i) < +0O}/'''’ 

< ll*l(G)L l{^ e M ■ N.(F)(x) > 2 ‘}|'/», 
Using the assumption p >2, we conclude that 


\F{x,t)\‘^\G{x,t)\‘^j'] 


1/2 


+0O \ 1/2 

< \\%mL I E e M, W(fo) > 

\k=—oo / 

<ll'^p(G)ILI|iv,(F)|u„2, 

where L^’‘^{M,p) is the classical Lorentz space. Now since there is a small interval 
{p — e,p + e) in which we can apply this previous inequality: indeed for every 
q e {p-e,p + e) 

mG)\L<\K^e{G)\\^, 

we then conclude by real interpolation. □ 

3. Paraproducts 

We define paraproducts associated with the operator C. Some versions of such 
paraproducts have already been introduced and studied in [T31 EZl [IZl US]. We are 
going to use here a slightly different version that is more adapted to our purpose. 

From now on, let D be a large enough integer {D > 4(1 + u) for example should 
be sufficient for this section, where u is as in (|UD^D ; the choice of D may depend 
on other parameters as well in the following, but this is of no real importance), and 
denote Pt = and Qt = from Definition 12.21 For g G L°°(M,/i), define the 
paraproduct on S by 


(3.1) 


^+OD 


n''”(/) = n,(/):= / Q,s-p,g 


dt 

T’ 


f^s. 


For every p G (1, +cxo) and / G S^, the integral is absolutely convergent in L^^M, p): 
for / G 'Dp{C) n Rp(/f), we have Qtf = which yields 

11^ Pll ^ 11^(1) Pll ^ ^ 


-iN-l 
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Combining this estimate with the uniform boundedness of {Pt)t>o in jjt) gives 

the absolute convergence. 

Lemma 3.1 (Product decomposition). Let p G (1,+cxo) and a G (0,1). For every 
f,g^ {S^ + N{C)) n we have the product decomposition 

(3.2) f-g = n,(/) + Uf{g) + Pw(/:)(/)Pv(/:)(^) ^n p). 

Note also that Ilg{f) = Ilg{f - PN{c){f))- 

Proof. By writing 

f.g-P,f.P,g={f-P,f).g + P,f.{g-P,g) 


it follows from fl2.7p and fl2.8p that in the sense 

/ ■ ^ = lini Ptf ■ Ptg, 


t^o 


PNiof ■ PNiog = lim Ptf ■ Ptg- 

t^+oo 

By dehnition of Pt and Qt, and using the fact that tdtPt = —Qt, we then have 
f ■g = lim {Ptf ■ Ptg) - lim {Ptf ■ Ptg) + PN{c)f ■ PN{c)g 

t^O t^+oo 


^+CXD 


dt {Ptf ■ Ptg) dt + PN(c)f ■ PN{c)g 

= P^gif) + P^fig) + PN{C)f ■ PN(C)g- 


□ 


Corollary 3.2. From the nature of N{C) (see Proposition I2.10|) . the function 
Py(£)(/) ■ PN{c){g) (is equal to 0 or is a constant function) always belongs to N{C). 
So if the bilinear map {f,g) —)■ P^g{f) is bounded from {Sp, || ||^p) x L°° to then 
by Definition 12.121 and density, Ilg admits a continuous extension on and the 
previous product decomposition yields A{a,p). 


Let a G (0,1) and g G L°°{M,p) be hxed. The boundedness of 11^ in 
is equivalent to the L^-boundedness of the operator £"/^ng(£““/^-). Using the 
dehnition of the paraproduct, Dehnition 13.11 and the reproducing formula, one 
may write 

f + OO P + OO 1 1. 

Jo Jo SI 

where the operator-valued kernel Ka^g{s,t) is given by 

(3.3) K^,gisA)i-) ■■= ■) ■ Ptg), 


and Pt and Qt are dehned in Section [3l 

We split the paraproduct into the two terms Ilg = 11^ -|- 11^, with 

dt 

{P-Pt)[Qtf-Ptg] 


r 

n;(/) := 

Jo 


fQs[Qtf-Ptg] -J, 
) Jo St 
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and 


/■+°° (Jf 

n^(/) := I Pt [Qtf ■ Ptg] 4 

r*-\-00 /•H-OO 


t 


/•+°° r°° , ^ dsdt 

/ / Qs[Qtf-Ptg]--. 

Jo Jt ^ 


An important fact for onr stndy is that nnder l\DUE\\ the second term fl^ is 
bonnded on every Sobolev space L^{M, C, p) with a G (0,1) and p G (1, +oo). 

Proposition 3.3. Let {M,d, p,S) be a doubling metric measure Dirichlet space 
satisfying l\DUE\i . Let a G (0,1), p G (1,+cxo) and g G L°°{M,p,). Then 11^ is 
bounded on L^{M, C, p) with 


miif)\u<\\f\u 

Proof. The L^-bonndedness of fl^ is eqnivalent to the L^-bonndedness of C°‘PYPg{C~°'P-). 
Let / G LP{M,jL) and h G LP'{M,jL). Then 

\{C-Pul{C--Pf),h)\= {CPP P,{Q^E-^Pf-P,g\ ^,h) 

Jc\ t, 


b+cxD 


{C^PPt[QtC-^Pf-Ptg].h) 


dt 

t 


r-+oo T. 

{{tcy-PQJ • Ptg, (tcr^^Pth) j 


>0 

f+oo p Jp 

/ / {tC)~°'PQtf{x) ■ Ptg{x) • {tC)°PPth{x) dp{x) — 

'o Jm t 

/‘+0O p Jp 

< llfi'lloo / / (tCy^PQtfix) ■ {tC)°‘PPth{x)dp{x)— 

Jo Jm ^ 

where we have nsed the nniform bonndedness of Pt on L°°{M,p). Now, by Fnbini 
and Canchy-Schwarz, 

\{E^PUI{C--Pf),h)\ 


< 



+ 0O 


dt 


\{tC) ""PQtfix)] ■ \ {tC)°PPth{x) \ —dp{x 


M Jo 


^ II i/ II CXD 


^+CO 


M \J0 ^ 

= c\\g\\oo{gD-^{f),gD,!^{h)), 


t 

dt^l/2 / .+0O dt\ 1/2 


\itCrPPth{x)f-) dpix) 

0 / 


for some c > 0 , where 5 'D-f and are the horizontal sqnare fnnctions from 
Proposition 12.131 Proposition 12.131 yields that both fi'n-f and go,^ are bonnded on 
LP{M.i /i) for every p G (1, +cxd). 

By Holder’s ineqnality, we then conclnde that 

which by dnality gives the Pi’-bonndedness of C°'PyP{C~°'P-). □ 
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So from now on, to study the L^-boundedness of the paraproduct 11^, we only 
have to focus on the hrst part of the paraproduct and prove the L^-boundedness of 

= 4 1*°° (^l‘ i)[/| J. 

That means that we may restrict our attention to the study of the operator-valued 
kernel Ka{s, t) in the range s < t, which requires extra assumptions in order to get 
suitable bounds. 


4. Boundedness of the paraproducts for 2 <p < pq under (GpJ 


Let us introduce an valued version of {Rp), which we will denote by (Rp). for 
every measurable function (Ti)i>o with values in L^(M, p), 


dt\ 


1/2 


'0 


t 


) 


< 

n>j 


'• + 0O 


1 ^ |2 


1/2 


) 


where TZ := is the Riesz transform. By applying (Rp) to Ft = y/tCPt^'^f, 

for / G L‘^{M,p), one sees that, for any p G (l,-|-cx)), {Rp) implies the L^- 
boundedness of the vertical square function Gn for any > 0. In turn, the 
boundedness of implies {Gg), for 2 < q < p (see [21 step 7 of Theorem 6.1]). 
On the other hand, applying {Rp) to Ft = /l[i^ 2 ](^), for / G Gq{M) yields {Rp)- In 
the Riemannian context, where C is given by the Laplace-Beltrami operator and V 
is the Riemannian gradient, 77 derives from the linear operator VC~^R. Therefore 
for any p G (1, +oo), {Rp) implies back {Rp) by a general and well-known argument, 
see for instance [l2l Thm 4.5.11]. 

However, in our Dirichlet form setting, the Riesz transform is dehned as a sub- 
linear operator (since we only have a notion of length of the gradient), so it is not 
clear that {Rp) implies {Rp) in this generality. 

We hrst remark that the L^-boundedness of the Riesz transform for p G (1,2] 
(obtained in [28]) can be extended to a vector-valued setting: 


Proposition 4.1. Let {M,d, p,S) be a doubling metric measure Dirichlet space 
with a “carre du champ” satisfying (\DUE{i . Then {Rp) holds for every p G (1,2]. 

Proof. We refer the reader to [28] for the proof in the scalar case, showing {Rp) 
for every p G (1,2] by using a Calderon-Zygmund decomposition. By repeat¬ 
ing this proof with a vector-valued Calderon-Zygmund decomposition (see [56]). 
it then yields that the Riesz transform 77 := \WC~^R\ is an operator bounded on 
LP(M, L^[(0,-fcx)); y]) (which is {Rp)) for every p G (1,2). □ 


Let us then observe that {Rp) can be dualised. 

Lemma 4.2. Let {M,d, p,S) be a doubling metric measure Dirichlet space with a 
“carre du champ” satisfying (\DUE\} . Let p G (l,-|-cxo). Assume that {Rp) holds. 
Then the following L"^-valued {RRp) inequality, which we denote by {RRp), is valid: 
for every F : M x {0, -|-cxd) —)■ M such that Ft = F{.,t) eV for t > 0, 


r"+oo 




dt 


1/2 


< 

r\j 


e+CxD 


|VF(.,«)|' 


dt\ 


1/2 
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In particular, {RRq) holds for every q G (2, +cxo). 

Proof. For every G : M x (0, +cx)) —>■ M, we have, denoting G{.,t) by Gt, 

/ +0O 1. n+oo 1. 

/■+°° rli 

= / {VFt,VC-^/^Gt)^ 

Jo ^ 



By (i?p), we get 



Taking the supremum over all functions G G Lp{M, /i; -h^((0, Tcxo), y)) with norm 
1 yields the result. The last assertion follows as a combination of the above with 
Proposition 14.11 □ 

Our main result of this section is the following: 

Theorem 4.3. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ’’ satisfying l\DUEh . Let a G (0,1). 

(i) There exists Dq := such that for D > Dq, the paraproduct {g,f) e-)■ 

Hgif) is bounded from L°°{M,p,) x L‘^{M, C, qt) to L'^{M, C, p,), that is 

(4.1) ||n,(/)||2,„< ||/||2,„||^?||oo. 

Moreover, A{a, 2) holds. 

(ii) Assume in addition {Gp^) for some p^ G (2,+cxo], and let p G [2,po). Then 
there exists Dq := Zlo(op) such that for D > Dq, the paraproduct {g, f) i—)■ 
Ilg{f) is bounded from L°°{M,p) x L^{M, C, p) to L^{M, C, p), that is 

(4.2) ||n,(/)|U„<||/|U„||^IU. 

Moreover, A{a,p) holds. 

A{a,2) and A{a,p) follow directly from the product decomposition fl3.2p and 
(Km and fl4.2p . respectively. See Corollary 13.21 A{a,2) was already known as 
emphasised in the introduction. However, the more precise estimate fl4.ip will be 
used in Sections | 6 l [H and [9l 
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Proof of Theorem 14.31 By Proposition 12.Ill and Lemma [2.151 ffor Ft independent of 
f) we can write 


L“'"T(/)|| 


^+oo 


Q,£“'T,(/) j 


< 

r\j 


r'+oo _ 1/2 

|4£”'" n ,(/)| 


.2 dt\ 


t 


) 


where Qt is as in Lemma [2.151 

Then by the dehnition of the paraproduct 


l■C“'T,(/)|l < 


'•+00 


<•+00 


/ Qsf ■ Ps. 


ds 


dt 

t 


1/2 


< Jl + J2, 


where 


h-.= 




^ dt\ 
t 


1/2 




and 


h : = 


^H-od 


b+oo 


/ Qsf ■ Ps. 


ds 


dt\ 


1/2 


For Jl, we use that, thanks to (\DUE\i . Qt{tC)°‘P is bounded by the Hardy- 
Littlewood maximal function which satishes a Fefferman-Stein inequality (see Propo¬ 
sition |2lT6]), therefore 


h< 


< 

rsj 


^ + CX) 


^ + OD 


t-a/2 


ds 

Qsf • Ps9 — 
s 


dt 

t 


1/2 




^ 2 \ 1/2 
ds\ dt 


Since by Hardy’s inequality we have the pointwise inequality 


f+00 / 

we deduce that 


'0 


\Qsf ■ Psg\ 


-.2 \ 1/2 

ds\ dt 




h< 


^+00 


■ P,g\y 


ds\ 

s J 


1/2 


. p.gy- 


1/2 
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Since Pg is uniformly bounded on 


h< 




1/2 


r*+oo 


|Q(D-f)£„/ 2^|2 /£ 
s 


1/2 


and by the second assertion in Proposition 12.131 

h < ii£“'yii.ii9iu. 

As for I 2 , write 


P = 


^+00 


tl—a 




l — a 
2 


'■+00 j 

C}!^ {Qgf • Pgg) - 


2 \ 1/2 

dt^ 


1 Q 

The Fefferman-Stein inequality for Qt(tC) ^ and Hardy’s inequality again yield 



Then by Lemma 14.21 and p E (2, + 00 ), (RRp) holds so for Fg = s^~ {Qsf ■ PsQ)-, 
one obtains 


h 


< 

r\j 



V{Qgf-Pgg)\^ 



p 


1 — c 

S 2 


\^{Qsf-Psg)\ 


LH^) 


p 


This splits into two terms p^i and 12 , 2 , according to whether the gradient acts on 
Qg or Pg. For the first term, using the uniform boundedness of Pgg on L°° and, 
in the last step, the boundedness of on IP stated in Proposition 12.131 (ii) 

and Proposition 12.141 one obtains 


-^2,1 — 


s^/^\VQg{sC)-^/^C^/^f\-\Pgg 
• \Psg 


\Lp^) 


M) 


< 

r\j 


2)£«/2^| 


L 2 (^) 


G (^+^)£“/2 / 


Halloo < l|/:“/Vllpll^ll 
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As for / 2 , 2 , using the Carleson duality stated in Theorem 12.171 we have for every 
e > 0 (with e: = 0 if p = 2) 


f + OO 


s^-^\Qsm^Ps9\ 


ds\ 

S ) 


1/2 




p 


We apply Lemma 14.41 below (choosing q = p + e < po) to show that the last 
expression can be bounded by a constant times lls'lloo- Finally, we have 

shown that 

l|£"-'T,(/)||^<ii£”/yiipii<,iu. 

□ 


It remains to show the following. 


Lemma 4.4. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with a 
“carre du champ” satisfying (\DUE\i . Let a G (0,1). 

(a) Let p E (l,+cx3). Then 

||iV,((i!£)-»'U/)ll,< ll/ll, 

for all f G L^{M,jj). 

(b) Let q G [2, +cxo). If q > 2, assume in addition {Gp^) for some po > q. Then 


\\V,{VS\VP.g\)\U< 

for all g E L°° (M, p). 

Proof, (a) According to Lemma 12.61 the kernel kg of the operator {sC,)~°‘PQs = 
Qs ^ satishes estimates of the form fl2.5l) of order D — Thus, for x E M, 

N^{{sC)~'^PQsf)ix) = sup \{sC)~°PQsfiy)\ 

(y.s)er(x) 


< sup / \ks{y,z)\\f{z)\ dp{z) 

{y,s)Gr{x) J M 


< 


+ 00 

sup ^ 

j=0 
H-oo 


1 


< 


iy,s)erix)tl^V{y,V~s) 
2P 


D-i 




\f{z) \ dp{z) 


(3/,s)er(x)^ i^(l/,2^\/s) V(2^ ^\/s) 


< 


sup sup 


D-f 


' B(y,2opj) 


\f{z)\ dp{z) 


(j/,s)er(x) jsN V{y,2^^fs) JB{y,2o^) 


\f{z)\ dp{z) < Mf{x), 


where Sj (B) = 2^B\2P^B if j > 1 and So{B) = B. Here we have used <\VDi,]) and 
D — ^ > |. The assertion in (a) follows from the boundedness of the uncentred 
Hardy-Littlewood maximal operator Ai on LP{M,p). 
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(b) Fix a ball B C M. We have to estimate 

rr^(B) 


Mg) := 

To this aim, we split 


B \Jo 




ds \ 


q/2 \ V? 


djji^x) 


g = g'^AB + 

i>3 

First using the L'?-boundedness of the square function GD+(i-a )/2 stated in Propo¬ 
sition HTTU we have 

. 

Mg'^iB) < ( -/■ (G'_D+(l-a)/2(5'l4_B))'^ dp 


< |i?| ||G£)+(i_Q,)/2(5'l4B)||g 

l-^l 11 S'1^1(45) ~ IlS'lloo- 

On the other hand, interpolating (Gp^) with the Davies-Gaffney estimates from 
Proposition 12.81 yields off-diagonal estimates, therefore for j > 3 and every 
integer > 1 


B 


\y/sVPslsj{B)g{x)\'‘ dll{x'^ ~ 




L<i{2iB) 


< 2“2iA' 


r2(5) 


V 




OO ’ 


for s < Hence, choosing N > i//4, for q >2 


M^Sj{B)g) < 


r-r 2 (B) 


B 


|vsVPslsps)5'(3^)r dp(a;)j — 


1/2 


< 2-(2^-?)/ 




r2(P) 


1/2 


< 2-(2^-tb 

Gathering the above estimates, uniformly with respect to any ball B, we have 


fr2(B) 


|\/sVP,^(x)| 


ds 


9/2 


1/9 


dfi{x) 


< 

~ 11^ llco ’ 


IB \J0 

which yields the claim. □ 

5. Ofe-diagonal estimates on the kernel of paraproducts 

We recall that Ka^g denotes the operator-valued kernel of the paraproduct, and 
that this kernel depends on a parameter D, see fl3.ip and fl3.3p . 


In order to derive off-diagonal estimates on the kernel Ka^g, we are going to 
assume off-diagonal estimates on the gradient of the semigroup for some 
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P 2 G (2, +oo): for every pair of balls i?i, B 2 of radius \/t and every / G Lp^{M, jj) 
with supp f ^ 82 , 

(5.1) I VIVe-'Dl"’ (J^ |/|i>. di^j . 

Note that this estimate can be obtained by interpolating between {Gp) for p > P 2 
and the Davies-Gaffney estimate from Proposition 12.81 

Theorem 5.1. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying HDUE^ . Let 1 < pi < 2 < p 2 < + 00 , a G (0,1) and 
g G L°°{M, p). Assume flS.ip . Then for s <t, the kernel satisfies the following 
LPi.ljP 2 off-diagonal estimates: given N > ^, there exists Dq = Dq{N,i/) > 0 such 
that for every integer D > Do we have 

(£ t)hr dfj< [fj (1 + ‘LLDLLj (J^ dfj n^iu 

for all balls of radius y/t. 


One can obtain a more precise result if one assumes in addition a De Giorgi 
property. 


Theorem 5.2. Let {M,d, p,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying HDUEtf . Let 1 < pi < 2 < p 2 < + 00 , a G (0,1) and 
g G /i). Assume fIS.ip and that {DG 2 ,k) holds for some k G (0,1). Then for 

s < t, the kernel K^^g satisfies the following Lpi-L°° off-diagonal estimates: given 
k' G (k, 1) and N > ^, there exists Do = Do{N,h',p 2 , n) > 0 such that for every 
integer D > Do we have 


Ka,g{s,t)h\\L°°(Bi) ^ 




d\B,,B2) y 




for all balls Bi and B 2 of radius \/t. 


The rest of this section is devoted to the proof of Theorems 15.11 and 15.21 We will 
need two lemmas. 

The hrst one is a localised version of the fact that, for p > 2 , {RRp) holds under 
mm (see [28]). 


Lemma 5.3. Let {M,d, p,£) be a doubling metric measure Dirichlet space with a 
“carre du champ” satisfying (\DUEh . Fix p G [2,-|-cx)) and N > Then, for 

all r > 0, every ball By. of radius r, every bounded covering {Bl)i of M by balls of 
radius r, and f E E, 





1/p 


< 


E 









Proof. Let g G L^'{M,p) be supported on By.. By duality, we have 


{VZq[V f.g) = 
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By fll.2p and fll.7l) . it follows that 

(5.2) 


< E ll|V/IIU»(B;)ll|V£-‘/"Qif'sllU-W). 


Write By interpolating (Gq) for 1 < g < 

p', which holds since p' < 2, with Davies-Gaffney estimates from Proposition 
12.81 we know that rVe“'’ satishes -L^ off-diagonal estimates of exponential 
order. Now 

hence by Lemma 12.61 this operator satishes U’’-L^' off-diagonal estimates of order 
By Lemma [2.51 and nsing N > one obtains 

-2A+1 / ^ s 1/p' 

\gf dij] 


(5.3) 






Br 




The claim now follows from fll/PH and fl5.2p . 


□ 


Proof of Theorems 15.11 and 15.21 Let ns start with Theorem 15.21 which is slightly 
more difhcnlt. First note that it snfhces to prove the desired estimate for a ball 
Bi of radins ^/s, since if Bi is of radins \/f then for every ball Bi of radins ^/s 
contained in Bi, we have 


1 + 


d\B,,B,: 



d\B,,B2) ^j 


So consider Bi a ball of radins ^/s and B 2 a ball of radins \/t. By choosing snch 
that = Qs, it follows that 


a,g{,^^ Qsd^a,g{,^^ td 

where Ka,g = .) ■ Ptg) is of the exact same natnre as Ka,g (with 

the intrinsic constant D being replaced by D/2). Since Qs (resp. Qt) satishes 
pp 2 _ (resp. U’^-L'P^) oh-diagonal estimates at scale ^/s (resp. \/t) at order 
D/2, by the composition of oh-diagonal estimates (see Lemma [23]), the expected 
resnlt will follow from the following oh-diagonal estimates: 


(5.4) 





P2 


\ 1/P2 

djji I 



iP L + PEhTA 


-N 



Ikll 


00 


for all balls Bi and B 2 of respective radii \/s and y/i and every fnnction h snpported 
on B 2 . 

So it remains ns to check (I5.4p . Fix snch balls Bi,B 2 and fnnction h snpported 
on B 2 . By dehnition 

Ka,sMh = ■ Ptg). 
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Therefore, with Lemma [T3] (for p = P 2 > 2 and N = D ^ one 

has 





\ 1/P2 


P2 


djJ. I 



I 








\ViV{Qt{tC)-^/^h-Ptg)\^dfij , 


where {Bi)i is a bounded covering of the whole space with balls of radius y/s. Then 
by distributing the gradient, two terms appear. First using the property {DG 2 ,k), 
it follows for every ball Bi that 


\ViV{Qt{tC)-^^^h)\^dfx 


1/2 


< 

r\j 


\ 1/2 


\VtV{Qt{tC)-^^^h)\‘^dfi] + 


Bi 








where Bi = ^Bi is the dilated ball of radius \/t. Then by writing = 

4 (ii-“)/ 2 y^yg-|/:Q(^/ 2 -“/ 2 )^ since \/tVe~i^ satishes off-diagonal estimates 

at scale ^/t at any order and satisfies U'^-Li^ off-diagonal estimates at 

scale y/t at order {D — a)/2, we deduce by Lemma 12751 that \/tVQt{tC) also 
satishes off-diagonal estimates at scale \/t at order {D — a)/2. Moreover 

satishes Lp^-L°° oh-diagonal estimates at the scale \/t of order D/2 + 
1 — a/2 > D — a/2. So we obtain 


dll 


Bi 


1/2 


^ d\B2M 


t 


-{D-a)/2 


\h\P^ dp 


B2 


1/Pl 


Similarly, one has 


\ViVPtgYdfi 


Bi 


1/2 


< 

rsj 


1 + 


d\B2,BY 


-D 


\g\P^ dp 


B2 


1/Pl 




So coming back to 05.51) . we obtain that for a large enough parameter D, it follows 





P2 


\ 1/P2 

dp I 


< 

r\j 



1 —Q 
2 









dYB2,Bi) 

t 


-{D-a)/2 
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Since Bi is the dilated ball of radius y/t from Bi, we then deduce that 


1 + 


d\B2,B,) 


~ 1 + 


d\B2,B,) 


and so since s <t 


^ ^ d\B,,B^) \ ^ r^d^{B2,B, 


t / ~ V t 


1 + 


d^BuB,) 


Hence as soon as D is large enough so that 

Z/ + 1 


C ■= C{D) = mm{D -—, {D - a)/2] - (i/ + 1) > 0, 


we have 


\ 1/P2 


Bi 


< 

r\j 


\Ko,,g{s,t)h\^^ d^j 

d\B,,B2y-^ 


/ J. \ 

S\^ 


X 


/ \hrd^ 

JB2 


~ \t 


V 1 — / j. \ “^ 

S\ “2“ f ^ 


1 + 


1/Pl 


1 + 


Eh- 


d\B^,B, 


-{u+l)^ 


d\B,,B2] 


-c 


\ i/pi 

iiyiioo, 

52 / 


where we used that {Bi) is a bounded covering at scale y/s (which is also the radius 
of -Bi) to bound the sum over the covering. Since C = C{D) can be taken as large 
as we want according to a large parameter D, we deduce the statement fl5.4p . which 
as we already have seen, concludes the proof of Theorem 15.21 

For Theorem 15.11 the situation is simpler because we already have the exponent 
P 2 on the left hand side, and balls and operators can be considered at scale y/i. 
Indeed, by summing the estimates of Lemma 15.31 along a covering of balls of radius 
y/s, we get for s < f and Bi, B 2 balls of radius y/i 


(£ ivzQffprd^)'” < 

< 



dHB^,B2) 

s 



d\B,,B2) 

t 


_(Ar_2i^) 


_(Ar_2i^) 




We then conclude as previously, using the Leibniz rule on the gradient. The result 
then follows by composing off-diagonal estimates at the scale y/i, see Lemma 




□ 


6. The case 1 < p < 2 

This section is devoted to the study of A{a,p) with 1 < p < 2. Our main result 
is the following. 
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Theorem 6.1. Let {M,d, ^,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying HDUEl) . Then property A{a,p) holds for every p G 
(1, 2) and every a G (0,1). 

According to the product decomposition formula fl3.2p and Corollary 13.21 Theo¬ 
rem 16.11 is a consequence of the following. 


Theorem 6.2. Let {M,d, p,,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying HDUEh . Let p G (1,2) and a G (0,1). There exists 
Do = Dq^u) > 0 such that for every integer D > Do, the paraproduct {g,f) e-)■ 
Ill^\f) defined in fl3.ip is bounded from L°°{M,p) x L^{M, C, yi) to L^{M, C, ja). 
We have 

||n™(/)IC<ll/IUIl9lL. 

and A{a,p) holds. 


Let a G (0,1) and g G L°°{M,fi), let s,t > 0. Recall the operator Ka^g{s,t) 
dehned in fl3.3l) by 

K^,g{s,t) := .) ■ Ptg), 

so that 

r+°o T ^+oo p+oo rtf ft O 

= / g./:“/'n,(£-“/2/)-= / / K^,g{s,t)f 

Jo ^ Jo Jo ^ ^ 

and 

^a/2ni(£-«/2y) ^ r°°Q,£“/2n;(£-“/2/)-= f K^,g{s,t)f-^. 

Jo S Jo Jo ■St 

We refer the reader to Section [3] for the dehnition of 11^, which is the remaining 
part of the paraproduct that we have to study (see Proposition 13.3p . 

In the sequel, we describe how the off-diagonal estimates of the kernel Ka^g as 
obtained in Section |5] can be used to obtain boundedness of the paraproducts by 
means of an extrapolation method. 

We recall the extrapolation tool for p G (1, 2). 


Proposition 6.3. LetT be a bounded linear operator on Lf{M,pi). Assume thatT 
satisfies the following off-diagonal estimates: there exist integers N > ^ and N > ^ 
such that for every f > 0 and every pair of balls Bi, B 2 of radius r = \/t 

(N) ^ , d{Bi,B2) 


( 6 . 1 ) 


TQ 


< 1 + 


L2(Bi)^L2(S2) 

Then for every p G (1, 2), T is bounded on L^{M, pi). 


-N 


Remark 6.4. The same proof yields that T is bounded on the weighted space L^{u:) 
for every weight a; G Ap n RH (^ 2y . 

Proof of Proposition \6 .3[ We refer the reader to [121 Theorem 5.11] and to [121 The¬ 
orem 6.4] (for the weighted part) for a proof of this result. The second assumption 
of [T 2 I Theorem 5.11] is satished as a consequence of the kernel estimates for 
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established in Lemma 1?^ Notice however that instead of flh.ip . the hrst assumption 
of [121 Theorem 5.11] reads as 


( 6 . 2 ) 


m - 


< B 2 ) 

L2(SiHL2(B2) ~ V ^ 


-N 


for the choice Bq = I — Following Step 2 of [121 Corollary 3.6], it is known 

that under the assumption that T is bounded on L^(M, fi), fl6.ip implies fl6.2p . thus 
(leri) is sufficient to conclude. Equivalently, the desired result can be obtained as a 
combination of [381 Proposition 3.25, Lemma 4.12 and Corollary 4.14]. □ 


Proposition 6.5. Let {M,d, ^,S) be a doubling metric measure Dirichlet space 
with a “carre du champ” satisfying l\DUE\i . Let a G (0,1). Assume fl5.ip for 
some P 2 G [2, + 00 ). Then there exists Dq = Dq^io) such that for every D > Dq and 
every g G L°°(M,/r), the paraproductUg^^’^ = 11^ satisfies the following off-diagonal 
estimates: for every r > 0 and every pair of balls Bi, B 2 of radius r, 


(6.3) 


^a/2nl[£-a/2gW] 


LP2{Bi)^LP2{B2) 


< 1 + 


d(Pi,P2) 


Remark 6.6. Up to considering a larger parameter D, we may have off-diagonal 
estimates at any order. We chose the order u for convenience. Such a proposition 
also holds for the second part Ll^ of the paraproduct and is indeed easier (as shown 
by Proposition \3.3[ this second part is far more easy to handle with than the first 
part). 


Proof. Let a G (0,1) and g G L°°{M,p,). Consider the operator 

T := 


Let us hx balls Bi,B 2 of radius r, a function / G Lf{M,pi) supported in i? 2 , and 
consider an integer N >2v + 1. 

We have 


^+00 nt 

TQPU) = / 

Jo Jo 

By the dehnition (13.3p of the kernel Ka^g 


QtC-^^^Qi^\f ) ■ Pt9 


ds dt 
s t 




K^,g{s,t) := .) ■ Ptg), 


we get 



/ 


If < t, then write 




ds dt 
s t 


( 2 \ ^ 

Yj 

so that 

( 2 \ ^ 

with Ko:,g{s, t) ^ ^ J 
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Let s < t. Abbreviate e := > 0. Notice that Theorem 15.11 equally applies 

to Ka^g. Thus, for large enough integers D and N, Ka^g{s,t) satishes off- 

diagonal estimates in \/f of order N with extra factor (f)^. On the other hand, 
Lemma 12.91 yields off-diagonal estimates in \/f for both and of 

arbitrary order. Choose N > v. By Lemma 12.51 we can combine these off-diagonal 
estimates and obtain 




LP2{Bi) 


^'t 






LP2(Bi) 


< 

r\j 


2 \ N 


S\e ( 


t 


-N 


LP2{B2)\\9\\oo 


By integrating in s G (0, t) and in f > r^, one obtains for N > N 


f + OO pt 




ds dt ^ (1 -\- 

LP2{Bi) S t ^ 


-N 


LP2{B2)\\y\\oo 


If otherwise > t, then write 


Q,Ql"’ = Qr’Q'i" = 1 41 


D 


SO that 




N 


2'i/nW „-tc . 


We therefore apply in this case Theorem 15.11 to Ka^g{s,r‘^). Using the same argu¬ 
ments as above and taking into account > f, we obtain for large enough integers 
D and iV, 


A.,,(s,i)l<3T/l 


D 

<I-\ I— 


LP2 (Bi) 


1 + 


d\B,,B,: 


-N 


LP2{B2)\\y\\oo 


Integrating in s G (0, f) and then in f < yields 


ds dt ^ f ^ ^ d‘^{Bi, B 2 ) 
LP 2 {Bi) s t 


'0 Jo 

Summarising the above, we have obtained 

(6.4) \\TQl?{f)h.nB,) < fi + 


-N 


LP2(B2)\\y\\oo- 


-N 


LP2 (B2)l|y||oo, 


where D,N,N are large enough integers depending on u and p 2 - This ends the 
proof of fl6.3p . □ 

Proof of Theorem 16.21 The boundedness of {g, f) lig{f) from L°°{M, fi)xL^{M, C, g) 
to L^{M, C, g) is equivalent to the boundedness of (y,/) e-)■ f^om 

L°°{M,g) X L‘P{M,g) to LP{M,g). We have already seen in Proposition 13.31 that it 
only remains to study the operator 

T := £"/2nJ(£-«/2)^ 
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and prove its bounde dn ess in for p < 2. 

This is done by the extrapolation argnment from Proposition 16.31 indeed by 
Theorem 14.31 we already know that T is L^-bonnded and Proposition 16.51 with 
Davies-Gaffney estimates yields that fl6.3p holds for p 2 = 2. We may also apply 
Proposition 16.31 to T and obtain its L^-boundedness for p G (1, 2]. □ 


7. Boundedness of the paraproducts for p>po under ( Gp ^) via 

EXTRAPOLATION 


The main resnlts of this section are the two following ones. 


Theorem 7.1. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying (\DUE^ . Let a G (0,1) and let p G (2,+cx)) with 
1 — a > h(| — i). Then there exists Dq = D^iy^p) > 0 such that for every integer 

D > Dq, the paraproduct defined in (13.ip is bounded from L°°{M,p) x L^{M, C, p) 
to L^{M,C,p). We have 


and A{a,p) holds. 


|n,(/)|| 


p,a 


< 

rsj 




Theorem 7.2. Let {M,d, p,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying l\DUE\f and (Gp^) for some po G (2,+cxd]. Let 
a G (0, 1) and let p G [po, +oo) with 1 — a > i/(^ — ^). Then there exists Dq = 
Do{i',p) > 0 such that for every integer D > Dq, the paraproduct defined in fl3.ip 
is bounded from L°°{M,p) x L^{M, C, p) to L^{M, C, p). We have 


and A{a,p) holds. 


in 


lif)\\p,a ~ 





Using either Davies-Gaffney estimates (which correspond to fl5.ip for p 2 = 2) 
in combination with Theorem 14.31 or the fact that {Gp^) implies fl5.ip for every 
P 2 G [2,Po) IB combination with Theorem 14.31 the two previons theorems will be a 
direct conseqnence of the following one. 


Theorem 7.3. Let {M,d, p,£) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying (\DUE\i . Assume fl5.ll) for some p 2 G [2,-|-oo) and 
let p > p 2 with 1 — a > h(^ — i). There exists Dq = Do(h, p) > 0 such that 
for every integer D > Dq, if the paraproduct defined in fl3.ip is bounded from 
L°°{M,p) X Lfp {M, C, p) to LFif{M,C,p) for all (3 G (0,1) then it is bounded from 
L°°{M,p) X L^{M, C, p) to L^{M, C, p). We have 


and A{a,p) holds. 


mm 


p,a 


< 

rsj 



5 


We are going to prove the previons theorem as an application of the following 
extrapolation resnlt (|1], [HI Theorem 3.13]). 


Proposition 7.4. Let T be a linear operator and S a sublinear operator. Let 
P 2 G [2,+cxo), and assume thatT is bounded on LP'^{M,p). Assume thatT satisfies 
the following off-diagonal estimates: There exists an integer N > 1, an exponent 
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p G (p 2 ,+oo) and an exponent N > ^ such that for every pair of balls - 81,-82 of 
radius r = \/t > 0, we have 

^ f ^ diB,,B,) 

LP2{Bi)^LP2{B2) ~ \ r 

\ 1/p / \ 1/P2 

< ynf Ai||s(/)rij . 

If, for some p G {p 2 ,p), S is bounded on L^{M,p), then T is bounded on 




Remark 7.5. • The assumptions in i, 0 Theorem 3.13] are stated in terms 

of off-diagonal estimates for T{I — instead of fl7.1l) . As explained 

in the proof of Proposition^^ the U’"^ boundedness ofT allows us to deduce 
from fl7.ip such -off-diagonal estimates for T{I — Pt^). 

• For p G {p 2 ,p) as above, T is also bounded on the weighted space L^iu) for 
every weight u G fl RHiPy. 

P2 

As we have already seen in Proposition 13.31 in order to prove Theorem 17.21 we 
only have to study the L^- boundedness of the operator 

T := 

with 

n;(/) := f (/ - P.) [Pa ■ Q,/l J. 

We recall that the kernel Ka,g is defined as 

Ka,g{s,t) := Q,CPl\Q^Cr^l\ .) ■ Rg), 


hence 


b+co 


T = 


^a,g(^S, f) 


ds dt 

S t 


As a direct application of Lemma 12.151 we have the following reduction. 


Lemma 7.6. Define the guadratic functional 

f+ CXD 


U{f) := 


~ ~ dt 

Ko.,g{s,t)[Q,f]- 


2 , \ 1/2 
ds 


where Qs := and K{s,t) := QsC°'^^{QtR .) ■ Ptg), so that 


^a,gi,S,t^ QshIa,g{,S, t^Qt- 

Then for p G (2,+ 00 ), the boundedness of U on LP{M,p,) implies the boundedness 
ofT on LP{M,p), and we have 


||T||,^,<|| 8 |Up. 


We are now going to prove Theorem 17.31 based on the extrapolation method in 
Lebesgue spaces of Proposition 17.41 
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Proof of Theorem I7.3[ According to Lemma 17.61 we only have to prove the bound¬ 
edness of the square functional 

1/2 


'•+00 


u{f) := 


~ ~ dt 

Ka,g{s,t)[Qtf] J 


ds 

s 


which will be done by applying Proposition 17.41 

By Proposition 16.51 we already know that fl7.1l) holds for fl^ and the same proof 
allows us to prove also fl7.ip for the square function U (which is even easier). It 
remains to check 117.211 . 

Fix a ball B of radius r and some integer N > D satisfying N > u + 1. If D is 
large enough, then we may also consider 

K^,g{s,t) := Q,CPl\QtC-^l\ .) ■ Ptg), 

where Qs = (We may choose D G 4N for convenience). Notice that 

then both K^^g and Qg satisfy the same off-diagonal estimates as K^^g and Qg, 
respectively. By dehnition, we have 


^ a,g QsKa , 


g- 


If s < t then 


(7.3) 


QiPP = = ( A I Q^R 


\D-tC r>{N) 


2t 


D 




where R^^'^e "2 as dehned in Remark 12.31 and satishes the same 

off-diagonal estimates as Pj:^\ Consequently, 

KaA^,t)[QtPiPf]= (^] QgK^,g{sy/2)[Q^_2Rl^^e-^^f]. 


Then, from Lemma 12.91 we kow that Qg satishes LP^-LP off-diagonal estimates 
at scale r with an extra factor ^2 P 2 p ^ Moreover, Theorem 15.11 yields that 
Ra,g{s,r‘^/2) also satishes oh-diagonal estimates at scale r with a factor 

1 Q! ^ / T\T\ 

(-!■) ^ • Lemma \2M implies off-diagonal estimates at scale r for 

and 6“*"^. All of these oh-diagonal estimates are of an order which can be chosen 
as large as we want, up to choosing D sufficiently large. By composing all these 
estimates according to Lemma [2.51 it follows for a large enough D, 


\K^,g{sR)[QtP^i^>f]fdfp 


B 


1/p 


D 


t \ j-^ 1 —CK _ u f 1 _ In 


inf-Md/r: 

x£B 


\lvi 


First applying Minkowski’s inequality and then integrating over s < t < r‘^ gives 
for 1 — a > ui— — 4) 

^P2 P'' 



|AVs(s.i)l4d7/ll j 


2 \ P /2 

ds 


\ 


1/p 


djji 


< 


inf A4(|/r: 


xGB 


1/P2 
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li < s < t, then similarly as above, Lemma [2.91 and Theorem 15.II yield for p > p 2 
and for large enough D (with N an exponent eventualy varying from a line to the 
next one) 


B 


_ \ i/p 


< 


, iii-j_i-) 

t \ 2 ' P2 P 


j>0 




\ 1/P2 


2jB 


. V 1 —Q! / 1 1 \ 

2 2^P0. p' 


< 


Q\ 

0\ 2 2''P2 P 


5:2 

T>0 

E2 

T>0 


-£N 


-£N 


i4-pi''’/r<ip 

2‘B 

\ h2' 

\Qtf?dp] 

2^B / 


1 / 2 ' 


where B = is the dilated ball, and we used off diagonal estimates for 
in the last step. 

By Minkowski’s inequality, integrating over s G (0,f), and Holder’s inequality, 
we get for 1 — a > ui -— 4) 

O ^P2 



b+co 


< 

r\j 


< 


< 




i/p 


dt 


1/2 


ds 

s 


E2 

.£>0 


-£N 


'‘+00 


/ \Qtf\' 

J2^B 


dfidt^ 

~T~) 


1 / 2 - 


inf > 1 [^jv/ 2 (/)^](t 


xGB 


ini M[gN/2{fy^]{x] 


xGB 


1/2 


1/P2 


where Qn /2 is the conical square function associated to Qt, see Proposition 12.131 


If s < < f then by Lemma 12.91 for p > P 2 



\K. 


a ,9 


>,i)l4dh 


f]\<’dp 


1/p 


< 

r\j 



2 "^'^ 

j>o 



\K, 


a ,9 




1/P2 
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By repeating the same argument as before, we obtain 


b+OO 


b+co 


< 




i/p 


dt 


1/2 


ds 

s 




x£B 


1/P2 


as soon as 1 — a > ul -— 4). 

\p 2 p/ 

Gathering the above estimates, we obtain that the square function U satishes for 
p > P 2 with 1 — a > z/(^ — |) 


\U{PlPf)\fdi, 


1/p 


< 


x£B 


1/P2 


mfMl\g„,,(f)n +||j||„ MMiUn 


x£B 


^IV 2 


where Gn /2 is the conical square version. Since the conical square function is 
bounded on every L^-space (see Proposition I2.13p . we may then extrapolate by 
using Proposition 17.41 We deduce that U is bounded on for every p e {p 2 ,p)- 
This holds for every p > P 2 and a G (0,1) such that 1 — a > z/(^ — i) so we 
conclude that U is bounded on for every p > P 2 such that 1 — a > z/(^ — ^), 
which then implies the L^-boundedness of the paraproduct fl^. □ 


8. Boundedness of the paraproducts for p>po under and 

{DG2) VIA extrapolation 

In this section, we prove stronger results under the additional assumption of 
a De Giorgi property. The proofs are, as in the previous section, based on 
extrapolation techniques. 

Theorem 8.1. Let {M,d, fi,S) be a doubling metric measure Dirichlet space with 
a “carre du champ" satisfying (\DUE\i . Let 2 < pq < +00 and assume (Gp^) with 
{DG2,k) for some k G (0,1). Then the paraproduct defined in fld.ip is bounded from 
L°°{M, p) X L^{M, £, /i) to L'^{M, £, p) for every a G (0,1 — k) and p G (2, Tcxo). 
We have 

I|n,(/)IU<||/|/.J|9IL. 

Therefore A{a,p) holds. 

As a consequence, we obtain our main result of this section. 


Theorem 8.2. Let {M,d, p,S) be a doubling metric measure Dirichlet space with 
a “carre du champ" satisfying l\DUE\i . Let 2 < pq < +cx) and assume (Gp^) 
with {DG 2 ,k) for some n G (0,1) (and also k < ^, else the result is implied by 
Theorem \7.2\) . Then for p G (1,+cx)) the paraproduct defined in (13.11) is bounded 
from L°°{M,p) x L(^{M, C, p) to L(({M, C, p) for every a G (0,7p) with 


7p • 


1, ifp<Po 

ifp>Po- 
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We have 

lin«(/)||„< ll/ll,,JI jL. 

Therefore A{a,p) holds. 

We postpone the proof of Theorem 18.11 to the end of this section, and we now 
prove Theorem 18.21 as a consequence. 

Proof of Theorem 18.21 The case p < Pq has already been studied in Theorem 14.31 
so we only focus on the case p G [po, +cxo). Fix g G L°°. For z a complex number 
with G (0,1), dehne 

Theorem 14.31 shows that T" is L^-bounded for every a G (0,1) and every p G 
(2,po)- Then by combining with imaginary powers of £, which are L^-bounded 
(see Proposition 1^. we deduce that for every a G (0,1) and /9 G M, is 

L^-bounded and 

/3eR 

for some constant and any s > v. 

Moreover, Theorem 18.11 shows that T“ is L^-bounded for every a G (0,1 — /?) 
and every p G (2,+cxo). Then by using Proposition 12.11 we deduce that, for every 
a G (0,1 — a) and (3 eR, is L^-bounded and 

sup(l + \P\r‘\\T‘‘*‘X^, < cl 

/3eR 


for some constant C\ and any s > v. 

We then conclude the proof by applying Stein’s complex interpolation method 
([nil Theorem 1]) to the family (T^)^. □ 


Proof of Theorem \8.1[ By interpolating assumption (Gp^) with Lf-L^ Davies-Gaffney 
estimates, fIS.ip holds for every P 2 = Pi E (2,po)- We reproduce the same reasoning 
as done for Theorem 17.31 relying on the extrapolation result Proposition 17.41 
So as previously, according to Lemma ITTI we only have to prove the boundedness 
of the quadratic functional 


U{f) := 



^+oo 


Kc,,g{s,t)[Qtf] J 





which will be done by applying Proposition 17.41 

Fix a ball B of radius r, and consider U[Pj:^'^ f] for some large enough integer 
N>D/2. 


If s < t < r^, then as in fl7.3l) 



and consequently 


K^,g{s,t)[QtP!:Pf] 


KXX/2)lRll’e-‘E]. 
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Hence, combining what was done for Theorem 17.31 and Theorem 15.21 gives 

< (^) (^)~ ( inf A1(|/P)(i: ' 


By integrating over s < t < r^, one obtains 

2 \ V2 

^ sup |^a,g(s, t) [QtPlPf] I ^ 

. B t 




~ . inf > 1 ( 1/1 )(> 

V x£B 


1/2 


If < t, then Theorem 15.21 (with k' G {k, 1)) similarly yields 


l — a — n' 

/ r \ ‘d 

(?) ^ 

£>0 J 


snp\Ka,g{s,t)[e ’’ ^/]| < 

B 


where is the dilated ball and M a large enough integer. By integrating 

for s < f and using Cauchy-Schwarz inequality, we get as soon as 1 — a — a' > 0 


r» + OD 


sup \Ka,g{s,t)[e-^^^f] \ — 

i B t 


2 , \ 1/2 
as 


< 

r\j 


< 


.£>0 


-IM 


r"+oo n 


4 

J2^B 1 / 


inf >l[|^^/ 2 (/)P](x( 


x£B 


1/2 


where QN/ 2 {f) is the conical square function associated with Qtf, see Proposition 

EH 

Conclusion: by combining the previous estimates we obtain that the square function 
U satishes 

/ \ 1/2 / \ 1/2 


oc I mf >l[|^jv/ 2 (/)| ](a:) 1 +\\g\\oo (inf > 1 ( 1/1 )(a;; 


as soon as 1 — a > a (in which case there exists k' < k with 1 — a — a' > 0 ). 

We can then apply the extrapolation result Proposition 17.41 Since QN/ 2 {.f) is 
bounded on according to Proposition 12.131 we obtain that U is bounded and 
therefore T on U’{M,g) for every p G (2, +oo). All these computations require 
1 — K > a, which is the main condition. □ 


9. The case p > 2 via oscillation 

Definition 9.1. Let a > 0 and p G [1, oo). For f G L\^^{M,p), a > 0 and x G M, 
we consider the quadratic functional 

1/2 


S^Jix) := 


'•+00 


n 2 


-p- OsCB(x,r){f ) 


dr 

r 
























44 


FREDERIC BERNICOT, THIERRY COULHON, AND DOROTHEE FREY 


where for a ball B, p-Oscs denotes the Lf’-oscillation defined by 


p- OscbU) 



p 



We are going to prove the two following results. 


Theorem 9.2. Let {M,d, p,S) be a doubling metric measure Dirichlet space with 
a “carre du champ” satisfying l\DUE\i . Assume {H'^) for some rj G (0,1]. Let 
a G (0, p) and p G (1, +oo). Then the paraproduct defined in fl3.ip is bounded from 
L°°{M,p) X L^{M, C, p) to L^{M, C, p). We have 

I|n,(/)||,.„<||/||,^J| 9 IL. 

It follows that A{a,p) holds. Moreover the space L^{M, C, p) is characterized by 
Sa-functionals: for I < p < min(2,p) and a G (0, p) we have 

ll/llns ^ ll^^(/)llp- 

In particular, E{a,p) holds. 

Theorem 9.3. Let {M,d, p,S) be a doubling metric measure Dirichlet space with 
a “carre du champ”. Assume the combination (Gp^) with {Pp^) for some po G 
(2, +cxo). Then the space E^{M, C, p) is characterized by S^-functionals: for p <2 
closed enough to 2, every p G (2,po) o,nd a G (0,1) we have 

II/IIlS ^ ll^^(/)llr- 

In particular, E{a,p) holds. 


Remark 9.4. Under (Gp^), in the considered range p G (2,po) ot G (0,1), it is 
already known that the paraproducts are bounded in the Sobolev space and so A{a,p) 
holds (see Theoremlf.t^. 


Let us observe that for two test functions /, g, every ball B and every exponent 
p > 1, one has 

P-Oscb(/p) < p-Oscb(/)||p||oo + ||/||ooP-Oscb(p), 
and for every Lipschitz function E 


P-Oscb(F(/)) < ||F||LipP-OscB(/). 

Consequently, as soon as the Sobolev norm is characterized by a quadratic 
functional for some p G [1,+cxd], property A{a,p) is also satished and the 
following sharp chain rule. 


Corollary 9.5. Under the assumptions of Theorems \9.2\ or l9.31 forp and a in their 
respective ranges, and every Lipschitz function E, the map f —)■ E{f) is bounded 
in C, p) and 

\\nf)\\Li<\\F\\LMp^- 

We will see in Proposition 19.101 that such a characterisation of Sobolev norms 
(through quadratic functional) cannot hold in a systematic way, since some of them 
require the Poincare inequality (^ 2 )- 
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Here the sharpness refers to the fact that we only require a Lipschitz control of 
the nonlinearity F. We refer the reader to Section [10] for a chain rule under weaker 
assumptions on the ambient space {M,d, fi,S) but more regular nonlinearities F. 

We are going to simultaneously prove Theorems 19.21 and 19.31 in the two following 
sections: in Section 19.11 the statements concerning paraproducts and in Section 19.21 
the statements concerning the functionals Theorem 19.21 is the combination of 
Propositions 19.61 and 19.81 whereas Theorem 19.31 follows from Proposition 19.91 


9.1. Boundedness of paraproducts via oscillation. We hrst recall that ac¬ 
cording to Lemma 17.61 to prove the boundedness of the paraproduct it is enough 
to prove the L^-boundedness of the square function 


U{f) ■■= 



p+co 


K«Js,t)lQtf] j 


1/2 




where Qs := {QsY^‘^ and K{s,t) := .) • Ptg), so that 

Pa,g(^^yt') QsFa,g(^^yt)Qt- 


Proposition 9.6. Let {M,d, fi,S) be a doubling metric measure Dirichlet space 
with a “carre du champ” satisfying (\DUE\} . Assume {H"^) for some rj G (0,1]. 
Then for every a < X < rj, the kernel Ka,g satisfies for s <t the pointwise estimate 

X — a. 

^a,g(s,t)[h](a;o) < llfi'lloo " M{h){xo) Vxo e M. 

Proof. Let Xq G M. We have 

K^,g{s,t)[h]ixo) = Qs{sCr^\QtitC)-'^^^h-Ptg){xo). 


Consider B^ the ball of centre xq and radius ^/s. Then by linearity 


\Qs{sCr/^QtitC)-^/^h- Ptg){xo)\ 


< 


QsisC) 


a/2 


QtitC)-'^/^h - i Qt{tC)-^/\ dp ■ Ptg 




(^o) 


Qt{tC)-^/^hdp 




\Qs{sCr/^[Ptg]{x,)\, 


which gives us two terms / and IF 

The second term is the easiest, since Qs{sC)°'PPt = so 

due to the L°°-boundedness of e~^‘~{tC)^^°'PPt, we deduce that 


^ I Sj^+“/2 


Qt{tC)-^Phdp 




•^[^](a^ 0 )||^||oo, 


where we used Lemma [2.91 (item 1) in the last step. 
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For the first term I, we use the Lp°-L°° off-diagonal estimates for Qs (Lemma 


3|) and we get 
(9.1) 




r>o 








one 


Since self-improves into {H^yj for A G {a,T]) (see item 2 of Proposition II.dp . 
has with Qt{tC)~°‘^‘^ = that for every integer k G {0, 

cx)-Osc 2 fcB (Qi(t£)"“/^h) < 2^^ [y] ^ sup 

Vt/ j>Q \JB(xa,vVt) ) 






A/2 


A/2 


sup 

i>0 W2JB 

Ad[h](a:o) 


|h| dfx 


Vt 


where we have used Lemma 12.61 to estimate pointwise the kernel of . 


Since 






< 


E 

k=0 




2^B 


Lpo{2^B^) 

Qt{tC)-^/^h 


v/i 


LP0{2>^B^) 


< y/O sC 2 .b_,(Q, 


/c=0 


it follows that 


Qtitcy^i^h 






LP 0 ( 2 ^S^) 

Finally, since D > v + 1 {so D + a/2 > 1>A) 

'S\V2 


s\ V 2 


I < 


^ 2 -^(^+"/ 2 )£ 2 ^a 


T>0 






:,M[h]{Xo). 


Hence 


ko,ysy){h){xQ) < (^ 


^M[h]{xo). 


□ 


We can now conclude the proof of the statements about paraproducts in Theorem 

[921 
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Proof of Theorem I9.2[ We use Proposition 19.61 so that we have the following point- 
wise bound of the square function U (as soon as a < A): 


W) < ll^ll 


< 

r\j 







dt 

t 



M[Qd] 


2 dt 




1/2 


t J 


1/2 


By using the Fefferman-Stein inequality (see Proposition l2. Ibh and the L^-boundedness 
of the horizontal square functionals (see Proposition I2.13p . we deduce that U is 
L^-bounded, which implies (see Lemma 17.6p the L((-boundedness of the paraprod- 
uct. □ 


9.2. Characterisation of Sobolev norms via Sa- The following statement can 
be found in [29l Section 2.1.1] and [HI Section 5.2]. The proof works in our setting. 


Proposition 9.7. Assume l\DUE\i . Suppose p,p G (l,-|-oo), 
LL(M,p). IfS^if) e LP{M,p), then f e mM,C,p) and 


a 


> 0, and let f G 


II/IIls < ll^^(/)llp- 

The proof of the reverse inequality in [HI Section 2.1.2] uses pointwise gradient 
estimates. We are now going to observe that the weaker assumption {H^) is in fact 
sufficient, as noted already in [29l p.333]. Without loss of generality, we assume 
N{C) = {0} in the following. 


Proposition 9.8. Assume {H^) for some rj G (0,1]. Fix a G (0, rf). Then for every 
p G (l,-|-cx)) with p < min(2,p) and every f G L^{M, C, p), we have 


Proof. Due to Proposition 19.71 it only remains to prove that 

II^^(/)IIp<II/IIl- 

We hrst decompose the identity with the semigroup as 


b + CO 


/ = 


d 


b+co 


dt 


dt 

- 1-00 ^ 2 "+^ 


'0 




E / (‘Ge-yf, 


and dehne the piece at scale 2” as 


fn ■ = 


r.2"+l ,, 


Then fix x ^ M and a scale r > 0. We have 


p-OsCB{x,r){fn) < / p-OsCB{x,r)[{tC)e f] 


dt 
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Using which implies for some A G (a, rj) (see item 2 of Proposition [T31) 

we know that if r < \/f then 

p-Oscs(^,^)[(t£)e"*^/] < Mp[{tC)e-^^f]ix). 

So if r < 2?, then we deduce by the Cauchy-Schwarz inequality that 

(9.2) p-OscB(x,T){fn) < (r 2 "t)^ 



Moreover, if 2”/^ < r, we use 

p-OscB(x,r)[itC)e-^^f] < Mp[{tC)e-^^f]{x) 

which yields 


,. 2^+1 


, < 
nj 


(9.3) p-OsCB(x,r){f, 

Then it follows that 

SUixf = 


\Mp[{tC)e *^/](x) 


dt 


1/2 


0+00 ■ 


n 2 


-p-OsCB(x,r)(/) 


dr 

r 


“+0O 


< 

rsj 


'^2 raP 


.nEZ 


dr 

r 


Using fl9.2p and fl9.3p . one has 


r+oo 



EM/ !•' 

_2n<,2^ 

p+oo 



E (’■2-h 

r^<2^ \ 


^-tc. 


i2 dt\ 

^ t 


1/2 




dr 

r 


^ dt^ 

Mp[{tC)e-^^f]{x) - 


-I 2 


dr 

r 


Using Schur’s lemma (or see [29l p. 300]), for a < A, 

2 '*+l 


S'fixf < 5 ^ 2 - 

nGZ 


Mp[{tC)e ^^f]{x)\^ j 


^ 2^+1 


nEZ 


Mp[{tC)e 2 ^/](x) 


2 dt 

T’ 


which implies 
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Then by Proposition 12.161 it follows that for every p > p (since 2 > p) 


imw 


LP 


< 


< 

r\j 


^+oo 




^H-cxd 


(i£)e-“/r * 


dt 

1/2 


1/2 


fl+c 


< ll£”Vll 


P- 


□ 


The same proof holds when replacing the oscillation by a Poincare inequality: 

Proposition 9.9. Assume (Gpo) with the Poincare inequality {Pp^) for some po G 
(2, +cxo) . Let a E (0,1), p G (1, 2) and p G [2,po)- Then for every f G L^{M, C, p), 
we have 

\li ^ \mf)\\p- 


Proof. First, using the combination (Gp^) and {Pp^) as detailed in the proof of 
Theorem 3.4] with [T6l Remark 3.5], we know that we have the following inequality: 
for every p G (1, 2), every ball Br of radius r > 0 and h = {tC)e~^^f, 


\h 


Br 




h dp|^° dpj 


\ i/po 


< 


2Br 


\ ^Ip 

\Vh\Pdp\ +r^\\Ch\\ 




Writing Ch = tC'^e ^^f = e ^^tC'^e 2 ^f with off-diagonal estimates of 

e“ 2 '^, we deduce that 

We then repeat the exact same proof as for Proposition 19.81 with the following 
estimate on the oscillation, 

p-OscB{x,r)[{tC)e-^^f] < Mp[ViV{tC)e-^^f]{x)+(^-^ Mp[{tCfe-^^f]{x). 

Hence, we have a pointwise estimate 


Sf^fix) 


< 


f + OO 


Mp[ViV{tC)e ^^f]{x) +\Mp[{tC)^e ^^f]{x)\ 


dt 

fiTo 


1/2 


The proof is then completed by taking the L^-norm of both sides of the previous 
inequality and using Proposition 12.161 as well as the L^-boundedness of the vertical 
square function (which is a consequence of the combination (Gp^) with (Ppp), see 
Proposition 12.131 (iii)) and of the horizontal square function. □ 

Proposition 9.10. Assume (\VDi,\j ■ Let p, p G (1, -|-cxo) with p < p, v < p, and let 
a G (^,1)- Assume that for every f G L^{M, C, p), we have 


Cx - 

Then [Hp^p’’) holds, and also (^ 2 )- 
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Proof. Let r < y/i, and let Br,B^ be two concentric balls of respective radii r, y/i. 
For every x and s > 0, denote the ball Bs{x) = B{x,s). Then for h = we 

have for s G [r, 2r] 


(9.4) 

So 

P-OscB,(x){h) < r" 
Conseqnently, 


p-OscB,(x){h) < p-OscB4x){h). 


-2r 


[s VOscB,(^)(h)] — J <r^SP{h){x) 


i/p 


p-OscB,(x){hy diJ.{x) ] T \Sf^{h){x)f dp{x 


Vt 


Vi 


< 


1/p 


1/p 


r" / \Sf^{h){x)f dp{x) 


Vi 


So nsing the assnmption and the analyticity of the semigronp on L^, we get 

i/p 


(yO«^BAVe-‘VYdlJ.{x) <nB^\-'p\C“V-‘V\\, 


Vi 


<(^) 


which yields in particnlar (since Br C B^) 

i/p 


B, 


)LIP / \ OL - 


-i/p 


p- 


Since for x & Br, the two balls Br{x) and Br have eqnivalent measures, we deduce 
by doubling that 


p-Osc2n,(e *^/) < 


, a - 

T \ P 


Vt 




P5 


for every r < y/i, which is (iLp,p '’)• Then Proposition 11.41 yields (^ 2 )- 


□ 


10. Chain rule and paralinearisation 

This section is devoted to the proof of a chain rule in our abstract setting. That 
is, we show stability of Sobolev spaces with regard to the composition of functions 
with a regular map. We follow the same approach as in [26], which relies on 
paraproducts. In the sequel, we establish a paralinearisation result. This is a 
deeper and more general result than the chain rule, but requires more regularity on 
the nonlinearity. 
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Theorem 10.1 (Chain rule). Let {M,d, ^,S) be a doubling metric measure Dirich- 
let space with a “carre du champ” satisfying HDUE^ . Let F G C^(M) be a nonlin¬ 
earity with -F(O) = 0. Let a G (0,1) and p G (1,+cxo]. For a function f G 
L°°{M, pi) n L^{M, C, pi), we have 

F{f)eL^{M,fr)nLliM,C,fr) 

in the following situations: 

i) if P and a G (0,1); 

ii) if 2 < p < po, a G (0,1) and under (Gpo) for some po > 2; 
hi) if 2 <q, 0<a<l — n and under {Gq) with {DG 2 ,k)- 

More precisely, we have the following estimate: for every L > 0 there exists a 
constant G := G{F,L) such that for every f G L°°{M, p,)nL^{M, C, p.) with ||/||oo < 
L, there holds 

\\F{f)\\F^<C\\fh.. 

Remark 10.2. In Section\E and in m, mi, under certain extra assumptions (in 
particular a Poincare inequality), Sobolev norms are shown to be equivalent to the 
pP-norm of some quadratic functional. Then the chain rule is a direct consequence, 
and holds for every Lipschitz map F. 

Under the weaker assumptions of Theorem \10.1\ we do not expect to have such 
a characterisation in general (see also Proposition \9. 1 0\) . and the paraproduct ap¬ 
proach requires more regularity on F in order to obtain the chain rule. 

Proof. Consider first a more regular function / G (iS^ + N{C)) fl fl L°°. Fix a 
large enough integer D, and consider the approximation operators Ft, Qt and the 
paraproduct II associated with this parameter as dehned in fl3.ip . We represent the 
nonlinearity as 

FU) = limGa/) - lim F(P,f) + F('P„^cif)). 

t^O t^+oo 

where the limit is taken in L^^M, p). This is a consequence of Proposition 12. Ill and 
the fact that F is Lipschitz, since then 

||F(/) - F{PJ)\\, < 11/ - PJW, ^0, t^ 0+, 

and similarly 

im(Piv(£)(/)) - f(a/)ii, < iip»(o(/) - p,f\\r ^0, i ^ +«D. 

From this decomposition, we deduce 

/■+°° d 

F{f) = - I dt + FiPNioif)) 

/■+°° dt 

= -J^ Qtf-F'{PJ)j + F{P^^c){f)). 

According to Proposition 12.101 PN{c){f) is equal to 0 or to a constant (depending 
if the ambient space is bounded or not), therefore 

F{P^^c){f))eN{C). 
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Consequently, in order to estimate F{f) in the homogeneous Sobolev space, we 
only have to control the hrst term 

/‘+°° df 

(10.1) F{f):= QJ.F'(P,f)-. 

Jo t 

The representation (llO.ip does not exactly match the dehnition of a paraproduct. 
However, in the study of paraproducts in the previous sections, we only used the 
following three properties of the term H{t,x) = Ptg{x): 

(a) Uniform boundedness sup^^o \\H{t, OIU < WqWoo] 

(b) (resp. U-L^) gradient estimates of VH{t, •) at the scale \/i in case i) 
and hi) (resp. ii)); 

(c) (resp. U'-L^) global estimate for the square function ||Vi^(t, •)IIl 2 (*) 
in situation i) and iii) (resp. ii)). 

We refer the reader to Theorem 16.21 (whose proof relies on Theorem 15.ip for case 
i), to Theorem 17.21 for case ii) and to Theorem 18.11 (whose proof relies on Theorem 
15.2p for case iii). 

By fllO.ip . following the same proof as for the paraproduct, we will have shown 
that F{f) G (and so F{f) G L'^) as soon as we will have checked that the quan¬ 
tity H{t,x) := F'{Ptf{x)) satishes properties (a), (6) and (c). Since / G L°°(M, p), 
Ptf is uniformly bounded, and since F' is continuous, also F\Ptf{x)) is uniformly 
bounded, hence property (a). Due to the chain rule, 

VH{t,x) = F"{Ptf{x))VPtf, 

and since also F'\Ptf{x)) is uniformly bounded, we deduce that VH{t, •) satishes 
the same Davies-Gaffney estimates as VPtf, hence property (6) is checked. A 
similar reasoning holds also for property (c). 

In this way, repeating the same proof as for the paraproduct gives that F{f) G L^. 
Consequently, we get that for every / G {SP+N{C))nL^nL°°, one has F{f) G 
and 

( 10 . 2 ) \\F{f)\\a<mf\\anL^), 

where 0 is some non-decreasing function. We already know that {S^ + F'{C)) fl 
n L°° is dense in fl L°°. This allows us to extend the map / i—)■ F{f) on the 

whole Banach space fl L°°\ indeed for {fn)n a Cauchy sequence, we easily check 

that F{fn) (and so {F{fn))n) still is a Cauchy sequence in fl L°° , since 

F{U)-FiU) = / Qtifn-fmyF'iPJn) -+ / Qtfm-[F\PtU)-F\P,U] - 

Jo ^ Jo ^ 

and the two previous quantities can be bounded by the same reasoning as previously. 
Using that F" is continuous and so is uniformly continuous on a bounded interval 
containing all the values of the sequence {fn{x))n, we let the reader check that the 
quantity F\Ptfn) — F\Ptfm) still satishes properties (a), (6) and (c), involving a 
control in terms of ||/„ - /m||iPnL°°- 

In this way, / ha F{f) can be extended on the whole Banach space n L°° and 
fll0.2p remains valid on the whole space. □ 
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Theorem 10.3 (Paralinearisation). Let {M,d, fi,S) be a doubling metric measure 
Dirichlet space with a “carre du champ” satisfying l\DUE\i . Assume uniform volume 
growth (also called a local Ahlfors regularity): there exist constants Ci,C 2 such that 
for every x E M and every radius r G (0,1], one has 


(10.3) 


Cl < 


\B{x,r)\ 


< C2. 


Let F G C'^(M) be a nonlinearity with F{0) = 0, and let a G (0,1), p G (l,+oo) 
with ap > u. Let f G L°°{M,p,) nL^(M, £,/i). Then there exists Dq := Dq{i',p) 
such that for D > Dq, we have the paralinearisation 


F{f) - UFgf){f) G L^{M, /x) n L^(M, C, /i) n C, p) 


in the following situations: 

i) if P < 2 (and u < 2), a E {0,1), 0 < p < min{l — a,a — 

ii) if p >h',0<a<l — 0<p< min{l — ^ — a,a — and under {Gp). 


Remark 10.4. We let the reader check the following (easy) extension (also valid 
for Theorem IIO.II) .- consider a regular function F : M x M —)■ M such that both 
F{x, ■) and VxF{x, •) satisfy the assumptions of Theorem \10.A. Then the result 
still holds with the following paralinearisation formula: 

X ^ F(x, fix)) - naF(x,/(x))(/)(x) 6 L“ n ij; n 


Proof. Using fllO.ip . one may write 

F(/) = Ylx’idf) + R 

with the remainder 

dt 

R := j Qtf ■ [F'(P,f) - P,F'{J)\ - + F(Pf,f,(/)). 

As previously, the second term is bounded and belongs to any Sobolev space (since it 
is equal to a constant). So we only have to focus on the hrst part and as previously, 
we are going to check that the quantity H{t, x) := F'{Ptf{x))—Pt[F'{f)]{x) satishes 
more “regular” properties than (a), (6) and (c). Using the mean value theorem, 
one obtains 


< \F'{.P,!(x)) - F'U(x))\ + |F'(/(i)) - P,|F'(/)](i)| 

< ||F»|U|(1 - F,)|/](x)| + 1(1 - P,)lF'(/)|(x)|. 

Then for the function h = f or h = F'{f) belonging to (due to the previous 
Theorem applied to F'), we have 

G ds 

||(l-Pl)/^||oo< / WQshWoo- 


< 

r\j 




ds 


'0 


< 


* ds 

^al2^-ul2pf±_ 


'0 


S Hp^OD" 


Ll 


Ll 


a V 
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as soon as a > ^. So with implicit constants depending on /, we deduce that 

instead of (a), which is better for small t < 1. 

Similarly, we have 

•) = F"(Pi/)VPi/ - VPi[P'(/)] 

= {F"{PJ)VPJ - P"(/)VPJ) + (P"(/)VP*/ - VP*[P'(/)]). 


As previously, the hrst term satisfies properties (6) and (c) with the extra coefficient 
f 2 2 p_ The second term is more difficult: we aim to take advantage of the fact that 
/, P'(/) £ L°° n C with any exponent 0 < s < a — ^ (see Lemma llU.Sp . 
Let us write 

/A(0i, 02) := (P"(/)VPi0i - VPM) . 

• For the diagonal part, we use the global L^-boundedness, shown in Lemma 
[M below. 

Therefore, we have for every ball B of radius \/i 

<*‘^"(ll/lltj + IT'(/)llis)- 

• For the off-diagonal part, we use Lemma 110.71 below to obtain off- 

diagonal estimates: for every ball P, Pi of radius \/t with \/t < d{B, Pi) 

= ||P"(/)V(Pi - + V(Pt - 


where M can be chosen arbitrarily large. 

This proves that P(f, •) satisfies (6) with an extra factor pP. By the same reasoning 
we obtain that satisfies (c) with an extra factor pP, which yields the — L^ 

global estimate for the square function \\t~^PVH(t, •)IIl 2 ((o,i], 4 ‘) in situations i) and 

ii). 

So finally, for f < 1 (which corresponds to the situation where the previous in¬ 
equalities are improvements), we obtain that the quantity H(t, •) satisfies Properties 
(a), (b) and (c) with an extra factor pP, with s < a — P 
Then coming back to the proof of boundedness of the paraproduct, this gain 
allows to prove that the remainder term 

fl6L“nL'niS+.. 


as soon as s > 0 and a -|- s in the range allowed by the proof (a -|- s < 1 in case i) 
and a-l-s<l — ^in case ii)). □ 









SOBOLEV ALGEBRAS 


55 


Lemma 10.5 (Sobolev embedding). Let {M,d, ^,S) be a doubling metric measure 
Dirichlet space with a “carre du champ” satisfying l\DUE\i and the uniform volume 
growth fllO.dp . Then for a > 0, p > 1 with ap > v, we have 

(M, /i) n (M, £, /i) C Lr (M, £, /i), 

for any exponent 0 < s < a — 


Proof. Let / G n L^. Then 

Cif= r C%tC)e-^^f^ + Ch-^f. 

Jo ^ 

For the second term, using the L°°-boundedness of C^e~^f (due to the decay of its 
kernel, see Lemma [2.bp we have 

< ll/lloo. 


For the second term, we use that 


|£'(i£)e-‘yiU < \\tC^*‘^e-‘%^M\\Li 


where we used the pointwise estimate of the kernel of {tCy ~^^(due to Lemma 
I2.6p with the uniform control of the volume fllO.dp . We then conclude by integrating 
this estimate. □ 


Lemma 10.6. Let e G (0,1). Under (Gp) forp >2 we have 

\\Vtvc~^^Pt\\p^p<f/\ 

Proof. We decompose 

ViVC-iPt= / ViVe-^^Pt-^. 

Jo -5 2 

Then we use that for s <t, hj {Gp) we have 

||\/fVe"*^Pt||p^p = ||\/tVPte"*^||p^p < ||\/tVPjp^p||e"^^||p^p < 1. 

For s >t, {Gp) yields 

/ + \ 1/2 

WViVe-^^PtWp^p < \\ViVe-^%^p\\Pt\\p^p < f- j . 

We conclude the proof by integrating these inequalities. □ 

Lemma 10.7. Let e G (0,1). Under {Gp) forp > 2, we have for all balls Pi, P 2 of 
radius \/i with d{Bi,B 2 ) > \/f 

ll^/^v£'S(p, - < iPi + PJLM) , 

where M can be chosen arbitrarily large (depending on Pt). 


Proof. For £ = 1, this corresponds to off-diagonal estimates for the Riesz transform, 
see [H Lemma 3.1]. The exact same proof still holds for e G (0,1]. □ 
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Appendix A. About the p-independence of 


In this appendix, we study in more detail the p-independence of the property 
for p G [1, +oo] and rj G (0,1] and prove the two last statements of Proposi¬ 
tion [T31 

All of this appendix is valid in a more general setting than the one presented in the 
introduction. It is enough to consider a metric measure space (M, d, p) satisfying 
(VD), endowed with a semigroup acting on L^(M, p), 1 < p < +cxo. For 

1 < p < -1-cxo, let us write the L^-oscillation for u G and a ball B a ball 

by 


i/p 


P-Oscb(/) 


/dpl^dp 


'B 


' B 


if p < +CX), and 

cx)-O scb(/) := esssup 1/—-f /dp|. 

B Jb 

Recall that we denote by Ai the Hardy-Littlewood maximal operator, and by Aip 
the operator dehned by M.p{f) := / G p G [1,+cxd). We 

set Mooif) ■= ll/lloo, / G L°°(M,p). 


In [35] , gradient estimates for the heat semigroup are studied in the Riemannian 
setting, but the proofs rely only on the hnite propagation speed property, therefore 
extend to the setting of a metric measure space with a “carre du champ”. More 
precisely, it is proved that, under flldPp and l\UE\\ . the condition 

(A.l) sup sup \B{x,Vi)\^~^\\Vi\Vpt{x,-)\\\q < +00 

t>0 x&M 

is independent of g G [1, +oo] and is in particular equivalent to Gaussian pointwise 
estimates for the gradient of the heat kernel. Since for q = p' 

sup \\Vt\Vpt{x, •)|||,j = \\Vt\Ve ‘^lllp^oo, 

xGM 

this property can be thought of, at least in the polynomial volume growth situation 
V{x,r) ~ r'^, as follows: the quantity ||\/t|Ve“*'^|||p^oo does not depend on the 
exponent p G [1, +cxo]. 

Even if the full version of this result in [35] is really non-trivial, it appears that 
a localised counterpart is indeed very easy: more precisely, the property 

(A.2) sup \/f|Ve"*-^/(a;)| < Alp(/)(x) 

t>o 

is p-independent. This fact directly follows by writing with 

a semigroup satisfying all off-diagonal estimates (since the heat kernel 

satisfies pointwise Gaussian estimates), so that for every p, g G [1, -|-oo] with p < q, 
we have 

M,{e-^^f){x)<Mp{f){x). 

The estimate for p > q follows from Holder’s inequality. In other words, the localised 
property flA.2p is much easier to prove than the full “global” version flA.lj) . 

The inequality {H^p) is the Holder counterpart of the - L°° Lipschitz regular¬ 
ity property of the semigroup flA.lD . Following the previous observation (and the 
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results of [35] , which can be extended to the situation of Holder regularity instead of 
gradient estimates), it is natural to study the p-independence of (Hp^p) and to do so, 
we recall the localised versions of (Hp^p) (already introduced in the introduction). 

Definition A.l. Let (M, d, fi, L) as abov e satis fying (VD) and fIfZEp . Let p,q G 
[1, +cxd] and 7] G (0,1]. We shall say that (h^^g) is satisfied, if for all 0 < r < \/t, 
every ball Br of radius, and every function / G p), 


(»;,,) 

Note that 


CO,CO 


(J-Osce.fe 


inf Mp{f){z). 


)• 


With the help of this definition, we can prove the following “almost” p-independence 

of 

Theorem A.2. Let {M,d, p, L) be as above and satisfying flVPD and (\UE^ . Let 
r] G (0,1]. The property {Hp^) is independent of p G [1, +cxd]. The property “(Hpp) 
for every X < p” is independent of p G [1, +oo]. 

The above theorem will be a direct consequence of self-improvement properties 
of (H^^p) and (H^ p), which read as follows. 

Proposition A.3. Let {M,d, p, L) be as above and satisfying (ll/PD and Let 

p,q E [1, -|-oo] and p G (0,1]. Then 

(i) {Wp^p) ^ 

(ii) {Hip) {Hip); 

(hi) For every A G [0,p), {H^p) {H^p). 

Remark A.4. As a consequence of Proposition \A.IA the property: “there exists 
p > 0 such that {H^p) holds” is independent of p E [1, -|-cxo]. 

Remark A.5. All results of Appendixl^ remain true in the context of sub-Gaussian 
estimates. 

Proof of Proposition\A.3\ Let us start with (i). First, we follow HI Proposition 
3.1] (which relies on a Meyers argument to improve oscillations estimates), and the 
same proof allows us to improve (^^p) into {hI^). Then, if g > p, we obtain from 
Jensen’s inequality 

inf Mp{f){z) < inf Mg{f){z), 

therefore 

(X.J (HlJ (KJ- 

Now let us focus on the case q < p. Consider t > 0 and set s = |. Let Br be a 
ball of radius r < \/i and B^ = ^Br the dilated ball of radius \/i. If r < y/s, we 
apply ()^ oo) which yields 


(A.3) 


ess sup |e 

x,y&B, 


-2sL 


f{x) - e-^^^f{y) 


< 

r\j 


inf A4r,(e 


-sL 


f)iz). 
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Using flUEj) together with t = 2s, we then obtain 


esssup |e-‘^/(x) - e-^^f{y)\ < ( ^ ) inf M{f){z), 


^-tL 


x^y£Br 


y/t J 


Vt 


which is The case ^/s < r < y/i is a direct consequence of dUE^ . since we 

have r ~ y/i and so 

esssup \e-^^f{x) - e-^^f{y) \ < 2\\e-^^f\\L^(^Br) < l|e"‘^/IU-(B^) ^ inf M{f){z), 

^ T-i V Z^JD -- 




Vi 


which yields 

Now for (ii). Assume {Hpp) for some p G [1, +oo]. First, note that for t = 2s 
iijf M,{e-“-f){z)<\B^.Vp\e-“-f\\,+ sup |e-*q(i)| < 


zeB 


x&B 


pi 


v^ 


where we used dUE\\ . By applying the above estimate to flA.3j) . we can obtain 
from (H^p^p) with the same reasoning as in the proof of part (i). (H^p) then 
easily follows. 

Let us hnally prove (hi). Assume {H^p) for some rj G (0,1] andp G [1, +oo]. Let 
be a pair of concentric balls with respective radii r and y/t, where 0 < r < y/i. 
Then we know that 


p-Oscs,(e |S^| 

Let us split / = ^ and dehne for £ > 0 


-i/p 


p- 


£>0 


/(£) := p- OscBr [e {fls,(B^)) 
where Sii^B^) stands for the dyadic annuli 

SAB^t) ■= 

We have [Hp p] for every A G [0, r/], therefore, for £ < 1, 


/ p 

Wt 


1/p 


\f?dp 


iB 


2 p 


m< 

For i > 2, we similarly have 
(A.4) I{i) < 

Moreover, using again dUE^i . we have 
(A.5) Hi) < 2 (J^ \e-‘Vfls.iB^.))d^ 


Vi 


r 

Vt 


- (u) 


\ i/p 

l/Rh ^ 


2^B 


Vi 




dp 


i/p 




2‘B 


\ ^Ip 
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which yields 


Br 


i/p 


e dfij < lie (/1 s£(s^))||l°°(s,) 

< ||e"*-^(/ls,(s^))||Loo(s^) < 


2‘B 


i/rd/i 


Vt 


By interpolating between (lA.4p and flA.5p . we get for every A G [0,7]), with c\ a 
constant depending on A, 

/w< f/._ imi^] 


2^B 


Vi 


By summing over £ > 0, we obtain 

p \ ^Ip 

dij.) <Y.m< 

^>0 


Br 


e -i e ^"^fdn 


-tL . 


Br 






inf Mpif)iz), 

ytj 


which is (ifpp). 


□ 


Reeerences 

[1] D. Albrecht, X. T. Duong, and A. McIntosh, Operator theory and harmonic analysis, 
in Instructional Workshop on Analysis and Geometry, Part III (Canberra, 1995), Proc. 
Centre Math. Appl. Austral. Nat. Univ. 34 (1996), 77-136. 

[2] P. Auscher, On necessary and sufficient conditions for L^’-estimates of Riesz transforms 
associated to elliptic operators on R" and related estimates, Mem. Amer. Math. Soc., 186 
(2007), no. 871. 

[3] P. Auscher and T. Coulhon, Riesz transform on manifolds and Poincare inequalities, Ann. 
Scuola Norm. Sup. Pisa, 4 (2005), 531-555. 

[4] P. Auscher, T. Coulhon, X. T. Duong, and S. Hofmann, Riesz transform on manifolds and 
heat kernel regularity, Ann. Sci. Eeole Norm. Sup., 37 (2004), 911-957. 

[5] P. Auscher, S. Hofmann, M. Lacey, A. McIntosh and P. Tchamitchian, The solution of the 
Kato square root problem for second order elliptic operators on R", Ann. of Math. (2) 
156 (2002), no. 2, 633-654. 

[6] P. Auscher, S. Hofmann, and J.-M. Martell, Vertical versus conical square functions, Trans. 
Amer. Math. Soc., 364, no. 10, (2012), 5469-5489. 

[7] P. Auscher, C. Kriegler, S. Monniaux, and P. Portal, Singular integral operators on tent 
spaces, J. Evol. Equ., 12(4) (2012), 741-765. 

[8] P. Auscher, A. McIntosh, and E. Russ, Hardy spaces of differential forms on Riemannian 
manifolds, J. Geom. Anal., 18(1) (2008), 192-248. 

[9] P. Auscher and J.M. Martell, Weighted norm inequalities, off-diagonal estimates and el¬ 
liptic operators. Part I: General operator theory and weights, Adv. in Math., 212 (2007), 
225-276. 

[10] P. Auscher and P. Tchamitchian, Square root problem for divergence operators and related 
topics, Asterisque 249 (1998). 

[11] N. Badr, F. Bernicot, and E. Russ, Algebra properties for Sobolev spaces-applications to 
semilinear PDFs on manifolds, J. Anal. Math., 118 , no.2 (2012), 509-544. 

[12] F. Bernicot and J. Zhao, New abstract Hardy Spaces, J. Funct. Anal, 255 (2008), 1761- 
1796. 

[13] F. Bernicot, A r(l)-Theorem in relation to a semigroup of operators and applications to 
new paraproducts, Trans, of Amer. Math. Soc., 364 (2012), 6071-6108. 












60 


FREDERIC BERNICOT, THIERRY COULHON, AND DOROTHEE FREY 


[14] F. Bernicot, T. Coulhon and D. Frey, Gaussian heat kernel bounds through elliptic Moser 
iteration, submitted, arXiv:1407.3906. 

[15] F. Bernicot and D. Frey, Pseudodifferential operators associated with a semigroup of 
operators, J. Fourier Anal. AppL, 20 (2014), 91-118. 

[16] F. Bernicot and D. Frey, Riesz transforms through reverse Holder and Poincare inequali¬ 
ties, submitted, arXiv:1503.02508. 

[17] F. Bernicot and Y. Sire, Propagation of low regularity for solutions of nonlinear PDFs on 
a Riemannian manifold with a sub-Laplacian structure, Ann. I. FI. Poincare - Anal, non 
lineaire, 30 (2013), 935-958. 

[18] S. Blunck and P.C. Kunstmann, Calderon-Zygmund theory for non-integral operators and 
the F{°° functional calculus. Rev. Mat. Iberoam., 19 (3) (2003), 919-942. 

[19] G. Bohnke, Algebres de Sobolev sur certains groupes nilpotents, J. Funct. Anal., 63 (1985), 
322-343. 

[20] J.M. Bony, Calcul symbolique et propagation des singularites pour les equations aux 
derivees partielles non lineaires, Ann. Sci. Ecole Norm. Sup., 14 (1981), 209-246. 

[21] G. Bourdaud, Le calcul fonctionnel dans les espaces de Sobolev, Invent. Math., 104 (1991), 
435-446. 

[22] S. Boutayeb, T. Goulhon and A. Sikora, A new approach to pointwise heat kernel upper 
bounds on doubling metric measure spaces, Adv. in Math., 270 (2015), 302-374. 

[23] G. Garron, T. Goulhon and A. Hassell, Riesz transform for manifolds with Euclidean ends, 
Duke Math. Journal 133 (2006), no. 1, 59-93. 

[24] L. Ghen, Hardy spaces on metric measure spaces with generalized heat kernel estimates, 
preprint. 

[25] M. Christ, A T{b) theorem with remarks on analytic capacity and the Cauchy integral, 
Colloq. Math. 60/61 (1990), 601-628. 

[26] R.R. Coffman and Y. Meyer, Au-dela des operateurs pseudo-differentiels, Asterisque 57, 
Societe Math, de France (1978). 

[27] R.R. Coffman, Y. Meyer, and E.M. Stein, Some new function spaces and their applications 
to harmonic analysis, J. Funct. Anal, 62 (1985), 304-335. 

[28] T. Coulhon and X. T. Duong, Riesz transforms for 1 < p < 2, Trans. Amer. Math. Soc., 
351 (1999), 1151-1169. 

[29] T. Coulhon, E. Russ, and V. Tardivel-Nachef, Sobolev algebras on Lie groups and Rie¬ 
mannian manifolds, Amer. J. of Math., 123 (2001), 283-342. 

[30] T. Coulhon and A. Sikora, Gaussian heat kernel bounds via Phragmen-Lindelof theorem, 
Proc. London Math. Soc., 3(96) (2008) 507-544. 

[31] T. Coulhon and A. Sikora, Riesz meets Sobolev, Colloq. Math., 118 (2010), 685-704. 

[32] M. Cowling, 1. Doust, A. McIntosh and A. Yagi, Banach space operators with a bounded 
H°° functional calculus. J. Austral. Math. Soc. Ser. A, 60 (1996), 51-89. 

[33] X.-T. Duong, El M. Ouhabaz, and A. Sikora, Plancherel type estimates and sharp spectral 
multipliers, J. Funct. Anal., 196(2) (2002), 443-485. 

[34] X.-T. Duong and D. W. Robinson, Semigroup kernels, Poisson bounds, and holomorphic 
functional calculus, J. Funct. Anal., 142(1) (1996), 89-128. 

[35] N. Dungey, Some remarks on gradient estimates for heat kernels, Abstr. Appl. Anal., 
(2006), Art. ID 73020. 

[36] C. Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math. 93 (1971), 
107-115. 

[37] D. Frey, Paraproducts via iJ°°-functional calculus. Rev. Matematica Ibero., 29(2) (2013), 
635-663. 

[38] D. Frey and P. C. Kunstmann, A T(l)-theorem for non-integral operators. Math. Ann. 
357(1) (2013), 215-278. 

[39] D. Frey, A. McIntosh, and P. Portal, Conical square function estimates and functional 
calculi for perturbed Hodge-Dirac operators in Rp, submitted, arXiv: 1407.4774. 

[40] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric Markov pro¬ 
cesses, de Gruyter Studies in Mathematics 19, Walter de Gruyter, Berlin, 1994. 



SOBOLEV ALGEBRAS 


61 


[41] 1. Gallagher and Y. Sire, Besov spaces on Lie groups with polynomial growth, Studia 
Math., 212 (2012), no. 2, 119-139. 

[42] L. Grafakos, Classical Fourier Analysis, Second Edition, Graduate Texts in Math., 249, 
Springer, New York, 2008. 

[43] A. Grigor’yan, On stochastically complete manifolds, Soviet Math. Dokl., 34(2) (1987), 
310-313. 

[44] A. Grigor’yan, Gaussian upper bounds for the heat kernel on arbitrary manifolds, J. Diff. 
Geom., 45 (1997), 33-52. 

[45] A. Gulisashvili and M. A. Kon, Exact smoothing properties of Schrodinger semigroups, 
Amer. J. Math., 118 (1996), 1215-1248. 

[46] P. Gyrya and L. Saloff-Goste, Neumann and Dirichlet heat kernels in inner uniform do¬ 
mains, Asterisque 33 (2011), Soc. Math. France. 

[47] P. Hajlasz and P. Koskela, Sobolev met Poincare, Memoirs of the A.M.S., 145 (2000), no. 
688 . 

[48] T. Hytonen, A. McIntosh and P. Portal, Kato’s square root problem in Banach spaces, J. 
Funct. Anal. 254 (2008), 675-726. 

[49] T. Hytonen and M. Kemppainen, On the relation of Carleson’s embedding and the max¬ 
imal theorem in the context of Banach space geometry. Math. Scandinavica 109 (2011), 
no. 2, 269-284. 

[50] T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations, 
Comm. Pure Appl. Math., 41 (1988), 891-907. 

[51] P. C. Kunstmann, On maximal regularity of type — L* under minimal assumptions for 
elliptic non-divergence operators, J. Func. Anal. 255 (2008), no. 10, 2732-2759. 

[52] P. C. Kunstmann and L. Weis, Maximal Lp regularity for parabolic problems, Fourier 
multiplier theorems and -functional calculus, Lect. Notes in Math. 1855. Springer- 
Verlag (2004). 

[53] A. McIntosh, Operators which have an functional calculus. Proc. Centre Math. Appl. 
Austral. Nat. Univ.l4 (1986), 210-231. 

[54] S. Meda, On the Littlewood-Paley-Stein (/-function, Trans. Amer. Math. Soc., 347(6) 
(1995), 2201-2212. 

[55] Y. Meyer, Remarques sur un theoreme de J. M. Bony, Rend. Circ. Mat. Palermo, II. Ser. 
1 (1981), 1-20. 

[56] J.L. Rubio de Francia, F. Ruiz and J.L. Torrea, Calderon-Zygmund theory for vector¬ 
valued functions, Adv. in Math. 62 (1986), 7-48. 

[57] T. Runst and W. Sickel, Sobolev spaces of fractional order, Nemytskij operators, and 
nonlinear partial differential equations, De Gruyter, Berlin (1996). 

[58] L. Saloff-Goste, Aspeets of Sobolev-type inequalities, London Math. Soc. Lecture Note 
Series 289, Cambridge University Press, 2002. 

[59] W. Sickel, Necessary conditions on composition operators acting on Sobolev spaces of 
fractional order. The critical case 1 < s < n/p. 1, 11 and 111, Forum Math., 9 (1997), 
267-302. Forum Math., 10 (1998), 199-231. Forum Math., 10 (1998), 303-327. 

[60] A. Sikora, J. Wright, Imaginary powers of Laplace operators, Proc. Amer. Math. Soc., 
129(6) (2001), 1745-1754. 

[61] E. M. Stein, Interpolation of linear operators, Trans. Amer. Math. Soc., 83 (1956), 482- 
492. 

[62] E. M. Stein, Topics in harmonic analysis related to the Littlewood-Paley theory, Princeton 
University Press, 1970. 

[63] R. Strichartz, Multipliers on fractional Sobolev spaces, J. Math. Mech., 16(9) (1967), 
1031-1060. 

[64] K.T. Sturm, Analysis on local Dirichlet spaces 1. Recurrence, conservativeness and L^- 
Liouville property, J. Reine Angew. Math., 456 (1994), 173-196. 

[65] K.T. Sturm, Analysis on local Dirichlet spaces 11. Upper Gaussian estimates for the fun¬ 
damental solutions of parabolic equations, Osaka J. Math., 32 ( 2 ) (1995), 275-312. 



62 


FREDERIC BERNICOT, THIERRY COULHON, AND DOROTHEE FREY 


[66] M. E. Taylor, Pseudodifferential operators and nonlinear PDE, Progress in Math. 100 , 
Birkhauser (1991). 

Frederic Bernicot, CNRS - Universite de Nantes, Laboratoire Jean Leray, 2 
RUE DE LA Houssiniere, 44322 Nantes cedex 3. France 
E-mail address: frederic.bernicot@univ-nantes.fr 

Thierry Coulhon, Paris Sciences et Lettres Research University, France 
E-mail address: thierry.coulhon@univ-psl.fr 

Dorothee Frey, Mathematical Sciences Institute, The Australian National Uni¬ 
versity, Canberra ACT 0200, Australia 

Current address: Universite Paris-Sud, Laboratoire de Mathematiques, UMR 8628 du CNRS, 
91405 Orsay, France 

E-mail address: dorothee.frey@univ-nantes.fr 



